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Abstract. One of the most relevant topics in the analysis of biological
networks is the identification of functional motifs inside a network. A
recent approach introduced in literature, called Graph Motif, represents
the network as a vertex-colored graph, and the motif M as a multiset
of colors. An occurrence of a motif M in a vertex-colored graph G is
a connected induced subgraph of G whose vertex set is colored exactly
as M. In this paper we investigate three different variants of the Graph
Motif problem. The first two variants, Minimum Adding Motif (Min-Add
Graph Motif) and Minimum Substitution Motif (Min-Sub Graph Motif),
deal with approximate occurrences of a motif in the graph, while the
third variant, Constrained Graph Motif (CGM), constrains the motif to
contain a given set of vertices. We investigate the computational and
parameterized complexity of the three problems. We show that Min-Add
Graph Motif and Min-Sub Graph Motif are both NP-hard, even when M
is a set, and the graph is a tree with maximum degree 4 in which each
color appears at most twice. Then, we show that Min-Sub Graph Motif is
fixed-parameter tractable when parameterized by the size of M. Finally,
we consider the parameterized complexity of the CGM problem ; we give
a fixed-parameter algorithm for graphs of bounded treewidth, and show
that the problem is W[2]-hard when parameterized by |M|, even if the
input graph has diameter 2.

Keywords: Graph motif; Computational biology; Parameterized complexity; Al-

gorithms; Computational complexity.
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1 Introduction

The analysis of biological networks has become increasingly relevant in
computational biology. A crucial problem that emerged recently in the
analysis of protein-protein interaction networks and metabolic networks is
the identification of functional motifs inside a network (see for example [6,
13, 14, 20–22]). The classical approach to identify motifs inside a network
is based on the graph-theoretical topology of the motif. However the in-
formation on the topology is often missing. A recent approach introduced
in [15, 6] aims at discovering functional motifs that do not rely on the
conservation of the topology, but that are simply connected components
of the network. This approach has been formalized as a graph problem
(named Graph Motif) in which, given a vertex-colored graph G = (V,E)
and a multiset M of colors, the goal is to find a subset V ′ ⊆ V which is
connected and whose vertex set is colored exactly as M.

The Graph Motif problem has been widely investigated in the past.
The problem is known to be NP-complete [15], even if the input graph
is a tree with maximum degree 3, the motif is a set and there exists at
most three vertices in the graph G with the same color [11], and if the
input graph is a bipartite graph with maximum degree 4 and the motif
is built over only two colors [11]. The Graph Motif problem admits a
polynomial-time algorithm when the input graph is a tree and each color
occurs at most twice in the input tree [11, 23] and when the input graph is
a caterpillar [1]. However, if the input graph is a rooted tree of height two,
then the problem is NP-complete, even if the motif is a set of colors. The
Graph Motif problem is known to be in FPT, when parameterized by the
size of the motif [4, 11, 12], while it is W[1]-hard when parameterized by
the number of distinct colors in the motif, even in the case the input graph
is a tree [11]. Recently, the kernelization complexity of the problem has
also been considered [1]. More precisely, in [1] it is proved that the Graph
Motif problem does not admit a polynomial kernel, even if restricted to
comb graphs1, unless NP ⊆ co-NP/Poly.

Related Work. Several variants of the Graph Motif problem have been
considered in the literature. Such variants either modify the requirement
of connectedness [8, 4], or look for approximate occurrences of the motif,
where some colors are allowed to be inserted or deleted in an occurrence
of the motif [6, 8, 12].

1 A comb graph is a tree, where all vertices have degree at most 3 and all the vertices
of degree 3 lie on a single simple path.
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Three variants that modify the requirement of connectedness have
been proposed. The Biconnected Subgraph problem [4] asks for an oc-
currence of a motif that is biconnected (instead of just connected). The
Bridge Connected Subgraph problem [4] asks for an occurrence of a mo-
tif that is bridge connected. Enforcing this connection requirement leads
to harder problems. Indeed, the Biconnected Subgraph problem and the
Bridge Connected Subgraph problem are W[1]-hard when parameterized
by the size of the motif [4]. The third variant that modifies the require-
ment of connectedness is the Minimum Connected Component problem
(MIN-CC). MIN-CC relaxes the requirement of connectedness, and asks
for an occurrence of the motif that consists of the minimum number of
connected components. MIN-CC is NP-hard even when the input graph
G is a path: it is APX-hard even if each color appears at most twice in
the path [8], and it is W[2]-hard when parameterized by the number of
connected components [4]. On the positive side, MIN-CC admits a poly-
nomial time algorithm when the input graph is a path and the motif is
over a a constant number of colors [8], and it admits randomized fixed-
parameter algorithms [8, 4, 12], when parameterized by the size of the
motif. Concerning the approximation complexity, MIN-CC is known to be
not approximable within factor c log n, for a constant c > 0, even if the
motif is a set and the input graph is a tree [8].

Two variants that look for an approximate occurrences of the motif
have been proposed in literature. The Max Motif problem asks for the
maximum size occurrence of the motif in the input graph. The problem is
APX-hard even if input graph is a tree of maximum degree 3, the motif
is a set and each color has at most two occurrences in the input graph [8].
On the positive side, the problem admits fixed-parameter algorithms [8,
12], when parameterized by the size of the solution. Concerning the ap-
proximation complexity, Max Motif is known to be hard to approximate
even when the input graph is a tree: namely, it is not approximable within
factor |V |

1
3
−ε when the motif is a set and each color occurs at most twice

in the input graph [19], and it is not approximable within constant factor
even if the motif is a set and the input graph is a tree with degree bounded
by a constant [8]. The Minimum Adding Motif problem (Min-Add Graph
Motif), asks for an occurrence of the motif in the input graph with the
minimum number of color insertions. The problem is known to be fixed-
parameter tractable when parameterized by the size of the motif. Indeed,
a fixed-parameter algorithm for Min-Add Graph Motif when parameter-
ized by the size of the motif, in case the motif is a set, was first given in
[6]. Later, the problem was proved to be fixed-parameter tractable (when
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parameterized by the size of the motif) in the general case when the motif
is a multiset in [12]. Indeed, in [12], a variant of Graph Motif that allows
for insertions and deletions of colors was investigated, and a randomized
fixed-parameter algorithm for this variant (hence also for Min-Add Graph
Motif) was given.

Other variants of Graph Motif have been proposed. The List-colored
Graph Motif problem (LGM) is a variant of Graph Motif where each ver-
tex of the input graph is associated with a list of colors. LGM is NP-
complete, since it is a generalization of the Graph Motif problem, but it
is fixed-parameter tractable [6, 4, 12] when parameterized by the size of
the motif. Two edge-weighted variants of the Graph Motif problem have
been considered. The first variant, given an edge-weighted graph, asks for
an occurrence of the motif, of minimum weight, in the input graph [12].
This variant admits a fixed-parameter algorithm if parameterized by the
size of the motif and the weight of the solution [12]. The second variant
asks for an occurrence that minimizes the weight of the edge-cut between
the occurrence of the motif and the rest of the graph [5]. This variant is
known to be fixed-parameter tractable when parameterized by the weight
of the occurrence of M and by either the maximum degree of the input
graph or the treewidth of graph [5].

Following this direction, we consider three variants of the Graph Motif
problem. In the first two variants, we relax the constraint that each color
of M must appear in an occurrence of the motif, and we allow for the
adding (Minimum Adding Motif problem, Min-Add Graph Motif, introduced
in [6]) or the substitution (Minimum Substitution Motif problem, Min-
Sub Graph Motif) of some colors inM. These two problems are motivated
by the fact that, due to experimental errors, there may not exist an exact
occurrence of the motif M in the graph G.

Then, we consider a third variant of the problem, Constrained Motif
(CGM), where we strengthen the requirement of connectedness, constrain-
ing some vertices of the input graph to be part of an occurrence of a motif
M. This variant is motivated by the fact that, due to a previous knowl-
edge on the structure of the network, we may require some of the vertices
to be contained in any occurrence of M. As an example, we can pre-
process an instance of Graph Motif and define as mandatory vertex in an
occurrence of M a vertex v that is the only vertex of the input graph
colored by some c ∈ M. Furthermore, we may know that only an ele-
ment of a metabolic network has some specific function, hence we want
to constrain the corresponding vertex to be in an occurrence of the motif.
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The rest of the paper is organized as follows. In Section 2, we give
some preliminary definitions and we formally define the three problems
studied in this paper. In Section 3, we show that Min-Sub Graph Motif and
Min-Add Graph Motif are NP-hard, even whenM is a set, the input graph
is a tree T of degree bounded by 4 and each color has at most two oc-
currences in T . Notice that under the same hypotheses, the Graph Motif
problem admits a polynomial-time algorithm [11, 23]. In Section 4, we
give an FPT algorithm for Min-Sub Graph Motif, when the parameter is
the size of the motif. In Section 5, we discuss the parameterized complex-
ity of the CGM problem, when the parameter is the number of colors not
belonging to mandatory vertices; in Section 5.2, we show that CGM is
fixed-parameter tractable for graphs of bounded treewidth, and in Sec-
tion 5.3 we show that CGM is W[2]-hard, even if the input graph has
diameter 2.

2 Preliminaries

In this section, we recall basic notations used in the rest of the paper.
Given a graph G = (V,E) and V ′ ⊆ V , we denote by G[V ′] the subgraph
of G induced by V ′, that is G[V ′] = (V ′, E′) and {u, v} ∈ E′ if and only
if u, v ∈ V ′ and {u, v} ∈ E. Given a vertex v ∈ V , we denote by N(v) the
set of vertices in G adjacent to v. A graph is cubic when each vertex has
degree exactly 3.

Let G be a connected graph, where every vertex u ∈ V (G) is assigned
a color c(u) from a set C of colors. For any subset V ′ of V , let c(V ′) be
the multiset of colors assigned to the vertices in V ′. LetM be a multiset
of colors, whose colors are taken from the set C. Given a colored graph
G and a subset of vertices V ′ ⊆ V (G), c(V ′) is said to match a multiset
of colors M if c(V ′) is equal to M. In this case, we say that V ′ matches
M. Given a subset of vertices V ′ ⊆ V (G) such that V ′ matches M and
G[V ′] is connected, then V ′ is called an occurrence of M in G. A motif
M is said to be colorful when each color appears at most once in M.

In this paper, we consider three variants of the Graph Motif problem.
For two of them, Minimum Adding Motif (Min-Add Graph Motif) and Mini-
mum Substitution Motif (Min-Sub Graph Motif), we look for a vertex set V ′

of G = (V,E), such that G[V ′] is connected and c(V ′) is not necessarily
equal to M. Let us define formally these two variants of Graph Motif.
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Min-Add Graph Motif (decision version)
Input : A multiset of colors M over a set C of colors, a vertex-colored
graph G = (V,E) whose vertices are colored by c : V → C, an integer p.
Question : Is there a subset V ′ ⊆ V , such that G[V ′] is connected, M⊆
c(V ′) and |c(V ′) \M| ≤ p ?

Min-Sub Graph Motif (decision version)
Input : A multiset of colors M over a set C of colors, a vertex-colored
graph G = (V,E) whose vertices are colored by c : V → C, an integer p.
Question : Is there a subset V ′ ⊆ V , such that G[V ′] is connected and
c(V ′) can be obtained from M with at most p substitutions?

Notice that for Min-Sub Graph Motif, |c(V ′)| = |M|. Notice also that,
in case p = 0, both Min-Add Graph Motif and Min-Sub Graph Motif are
equivalent to the Graph Motif problem. As a consequence, Min-Add Graph
Motif and Min-Sub Graph Motif are both NP-hard when the motif is col-
orful, the input graph consists of a tree T and each color has at most
3 occurrences in T [11]. Furthermore, by the NP-completeness of Graph
Motif, it follows that Min-Add Graph Motif (resp. Min-Sub Graph Motif)
cannot be approximated within any approximation factor, and does not
admit any fixed-parameter tractable algorithm, when the parameter is
the number of added colors (resp. the number of substitutions).

As discussed in Section 1, the Graph Motif problem admits a polyno-
mial time algorithm when the input graph is a tree T and each color has
at most two occurrences in T . Hence, we will focus on the computational
complexity of Min-Add Graph Motif and Min-Sub Graph Motif for this re-
striction. Furthermore, since Min-Add Graph Motif is fixed-parameterized
tractable when parameterized by |M| (see Section 1), we will focus on the
parameterized complexity of Min-Sub Graph Motif, when parameterized
by |M|.

Let us now consider a different variant of the Graph Motif problem,
called Constrained Graph Motif (CGM).
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Constrained Graph Motif (CGM)
Input : A multiset of colors M over a set C of colors, a vertex-colored
graph G = (V,E), whose vertices are colored by c : V → C, a set of
mandatory vertices VM ⊆ V .
Question : Is there a subset V ′ ⊆ V , such that G[V ′] is connected, c(V ′) =
M and VM ⊆ V ′?

Given an instance of CGM, define the residue colors Rc as Rc =M\
c(VM ). Informally, the multiset Rc contains those occurrences of colors in
M that are not related to a vertex of VM (see Example 1).

Example 1. Assume that M = {c1, c1, c1, c1, c2, c2, c3}, and that G =
(V,E) is the following graph:

G

v1

v2

v3

v4

v7

v6

v5

v8v9

Furthermore, c(v1) = c(v2) = c(v3) = c(v4) = c1, c(v5) = c(v6) = c2,
c(v7) = c(v8) = v(v9) = c3 and VM = {v1, v2, v6, v7}. Then Rc =
{c1, c1, c2}. An occurrence of M in G is the subgraph of G induced by
the set V \ {v8, v9}.

The CGM problem contains the Graph Motif problem as a special case,
and this implies its NP-completeness [11, 15]. It is easy to see that CGM is
fixed-parameter tractable, when the parameter is the size of the motif,
by the following argument: if we recolor the graph G, assigning a unique
color to each vertex in VM , and if we modifyM accordingly, any solution
to CGM is a solution to Graph Motif on our modified instance. Since Graph
Motif is fixed-parameter tractable, so is CGM .

In Section 5, we investigate the parameterized complexity of the
CGM problem, when the parameter is the number |Rc| of residue col-
ors. Notice that the Minimum (Unweighted) Steiner Tree problem is a
restriction of the CGM problem, where the non mandatory vertices in
the Steiner Tree problem correspond to residue colors in CGM. Indeed,
consider a graph G where all the vertices have the same color (in case
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of Minimum (Unweighted) Steiner Tree we simply ignore the color of the
vertices). A solution of the Minimum (Unweighted) Steiner Tree consists
of a set V ′ of at most k non mandatory vertices that connects the manda-
tory vertices. The corresponding solution of CGM contains the vertices
V ′∪VM , and possibly other vertices to obtain an occurrence ofM. On the
other side, consider a solution V ∗ of CGM . Then, the set V ′ = V ∗ \ VM
consists of vertices colored by residue colors, and |V ′| = k. Notice that V ′

allows for the connection of mandatory vertices of G. As the Minimum
(Unweighted) Steiner Tree problem is W[2]-hard when parameterized by
the number of non mandatory vertices [7], it follows that the CGM prob-
lem is W[2]-hard when parameterized by the number of residue colors.

In the rest of the paper, in order to extend some results from the case
when M is colorful to the general case, we use the recoloring technique
introduced in [4], based on the color-coding technique [3]. The recoloring
technique starts from a general motifM on a set C of colors and computes
a colorful motif M∗ by recoloring accordingly the vertices of the input
graph G, as follows: for each color c ∈ C that occurs h times inM, define
the colors c∗1, . . . , c

∗
h in M∗. For each vertex v such that c(v) = c, recolor

v with one of the color c∗1, . . . , c
∗
h, randomly with probability 1

h . Let V ′ be
an occurrence ofM in the graph G, then V ′ achieves a colorful recoloring
if c(V ′) is colorful after the recoloring of M and G. In [4], the following
result was shown:

Lemma 1 (Betzler et al. [4]). Given a motif M, the number of trials
to achieve a colorful recoloring of M with an error probability of ε is
| ln(ε)| ·O(e|M|).

Notice that, at the cost of an increase in the time complexity of the
algorithm, the result of Lemma 1 can be derandomized using families of
perfect hash functions [3].

3 NP-hardness of Min-Sub Graph Motif and Min-Add Graph
Motif

In this section, we prove that Min-Sub Graph Motif and Min-Add Graph
Motif are both NP-hard, even if the input graph is a tree, the motif
is colorful and each color occurs at most twice in the input tree. Re-
call that, under the same hypotheses, the Graph Motif problem admits
a polynomial-time algorithm, while Graph Motif is NP-hard even if the
input graph is a tree, the motif is colorful and each color has at most
three occurrences in the input tree.
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Theorem 1. The Min-Sub Graph Motif problem is NP-hard, even when
the input graph is a tree of maximum degree 4, each color occurs at most
twice in the input graph and the motif is colorful.

Proof. We give a reduction from the Minimum Vertex-Cover on Cubic
Graphs problem (Min-VCC) to Min-Sub Graph Motif. Let G = (V,E) be
a cubic graph with V = {v1, v2, . . . , vn} and p be an integer ; the Min-
VCC problem asks for a subset V ′ ⊆ V of cardinality at most p, such
that for each {u, v} ∈ E at least one of u, v is in V ′. Min-VCC is known
to be NP-hard [2]. Starting from G, we construct an instance of the Min-
Sub Graph Motif problem which consists of a tree T and a set of colorsM.
For any vertex vi ∈ V , let ei,x, 1 ≤ x ≤ 3, be its 3 incident edges, ordered
arbitrarily. The tree T = (VT , ET ) is defined as follows (see Figure 1):

VT ={li, ai,1, ai,2 : 1 ≤ i ≤ n} ∪
{si : 1 ≤ i ≤ p} ∪
{ti : 1 ≤ i ≤ n+ 1} ∪
{ei,x : 1 ≤ i ≤ n ∧ 1 ≤ x ≤ 3}

and

ET ={{li, li+1} : 1 ≤ i < n} ∪
{{si, si+1} : 1 ≤ i < p} ∪
{{ti, ti+1} : 1 ≤ i < n+ 1} ∪
{{ln, t1}} ∪
{{tn+1, s1}} ∪
{{li, ai,1}, {ai,1, ai,2} : 1 ≤ i ≤ n} ∪
{{ai,2, ei,x} : 1 ≤ i ≤ n ∧ 1 ≤ x ≤ 3}.

Clearly, this construction gives us a tree of maximum degree 4. Let
us describe the colors assigned to each vertex of V (G). Each vertex li,
1 ≤ i ≤ n, is assigned a unique color c(li), each vertex si, 1 ≤ i ≤ p,
is assigned a unique color c(si), and each vertex ti, 1 ≤ i ≤ n + 1, is
assigned a unique color c(ti). The two vertices ai,1, ai,2, 1 ≤ i ≤ n, are
assigned the same color c(vi). Finally, each vertex ei,x in VT , 1 ≤ i ≤ n
and 1 ≤ x ≤ 3, associated to an edge {vi, vj} in E, is assigned color ci,j .
Each color occurs at most twice in T , as each color ci,j is associated to
two vertices of T , while each color c(vi) is associated to two vertices ai,1
and ai,2. M is a set of colors defined as follows: M = {c(li) : 1 ≤ i ≤
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T
l1

a1,1

a1,2

e1,1 e1,2 e1,3

ln

an,1

an,2

en,1 en,2 en,3

t1 tn+1 s1 sp

Fig. 1. Illustration of the reduction from Min-VCC to Min-Sub Graph Motif.

n} ∪ {c(si) : 1 ≤ i ≤ p} ∪ {c(vi) : 1 ≤ i ≤ n} ∪ {ci,j : {vi, vj} ∈ E}. Notice
that no occurrence of a color c(ti), 1 ≤ i ≤ n+ 1, belongs to M.

Consider a vertex cover V ′ ⊆ V of G of cardinality at most p, then
we show that there exists a solution VT ′ of Min-Sub Graph Motif, that
substitutes p colors from M, as follows. The vertex set VT ′ defined as
follows:

VT ′ = {li, ai,1 : 1 ≤ i ≤ n} ∪
{ti : 1 ≤ i ≤ p− |V ′|} ∪
{ai,2 : vi ∈ V ′} ∪
{ei,x : c(ei,x) = ci,j , 1 ≤ i ≤ n ∧ 1 ≤ x ≤ 3 ∧ i = min(i, j)}.

By construction and since V ′ is a vertex cover, VT ′ induces a subtree
of T . If we let M′ stand for c(VT ′), we have |M′| = |M|, and M′ can be
obtained from M with p substitutions. Indeed there are exactly |V ′| ≤ p
colors appearing twice inM′ and exactly once inM, and these are exactly
the colors c(vi), vi ∈ V ′. Each of these colors can be obtained from M
by substituting a color c(sj) with a color c(vi). Furthermore, there are
p − |V ′| colors c(ti), 1 ≤ i ≤ p − |V ′|, in M′ \ M, each obtained by
substituting a color c(sj) with a color c(ti).

Let us now consider a solution VT ′ of Min-Sub Graph Motif, where
c(VT ′) = M′, |M′| = |M|, and M′ can be obtained from M with at
most p substitutions. First, we show that VT ′ does not contain any vertex
of the set {si : 1 ≤ i ≤ p}. Indeed, assume that a vertex si is part of
VT ′ ; then, by construction, the set of vertices {tj : 1 ≤ j ≤ n + 1}
must belong to VT ′ , and since M does not contain occurrences of any
color c(tj), 1 ≤ j ≤ n + 1, it follows that M′ requires at least n + 1
substitutions. Notice that n + 1 > p, as each vertex cover V ′ of G has
cardinality at most n. Hence, we can assume that VT ′ does not contain
any vertex in the set {si : 1 ≤ i ≤ p}. It follows that all the colors c(si),
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1 ≤ i ≤ p, inM must be substituted, and, since by hypothesisM′ can be
obtained from M with at most p substitutions, it follows that only the
colors c(si), 1 ≤ i ≤ p, are substituted. Hence {li, ai,1 : 1 ≤ i ≤ n} ⊆ VT ′

andM′ ⊇ {ci,j : {vi, vj} ∈ E}. Since T [VT ′ ] must be connected, it follows
that each vertex colored ci,j must be connected to some vertex ai,2 ∈ VT ′

colored by c(vi). Define V ′ = {vi : ai,2 ∈ VT ′} ; it follows that V ′ is a
vertex cover of G of cardinality at most p, which completes the proof. ut

Next, in Theorem 2 we focus on the NP-hardness of Min-Add Graph
Motif .

Theorem 2. The Min-Add Graph Motif problem is NP-hard, even when
the input graph is a tree of maximum degree 4, each color occurs at most
twice in the input graph and the motif is colorful.

Proof. We show the result by presenting a reduction from Minimum
Vertex-Cover on Cubic Graphs (Min-VCC) to Min-Add Graph Motif (for
a definition of Min-VCC we refer the reader to the proof of Theorem 1).
Notice that the reduction is similar to that given in Theorem 1. As for
the reduction of Theorem 1, starting from G = (V,E) we construct in
polynomial-time an instance of the Min-Add Graph Motif problem which
consists of a tree T and a set of colorsM. For any vertex vi ∈ V , let ei,x,
1 ≤ x ≤ 3, be its 3 incident edges, ordered arbitrarily. First, we describe
the construction of T = (VT , ET ). The tree T is defined as follows (see
Figure 2):

VT ={li, ai,1, ai,2 : 1 ≤ i ≤ n} ∪
{ei,x : 1 ≤ i ≤ n ∧ 1 ≤ x ≤ 3}

and

ET ={{li, li+1} : 1 ≤ i < n} ∪
{{li, ai,1}, {ai,1, ai,2} : 1 ≤ i ≤ n} ∪
{{ai,2, ei,x} : 1 ≤ i ≤ n ∧ 1 ≤ x ≤ 3}.

Clearly, this construction gives us a tree of maximum degree 4. Now,
let us describe the colors assigned to each vertex of VT . Each vertex li,
1 ≤ i ≤ n, is assigned a unique color c(li), 1 ≤ i ≤ n. The two vertices
ai,1 and ai,2, 1 ≤ i ≤ n, are assigned the same color c(vi). Finally, each
vertex ei,x, 1 ≤ i ≤ n and 1 ≤ x ≤ 3, is associated to an edge {vi, vj}
in E and it is assigned color ci,j . Each color occurs at most twice in T ,
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T

l1

a1,1

a1,2

e1,1 e1,2 e1,3

l2

a2,1

a2,2

e2,1 e2,2 e2,3

ln

an,1

an,2

en,1 en,2 en,3

Fig. 2. Illustration of the reduction from Min-VCC to Min-Add Graph Motif.

as each color ci,j is associated to two vertices of VT , while color c(vi) is
associated to vertices ai,1 and ai,2.M is a set of colors defined as follows:
M = {c(li) : 1 ≤ i ≤ n} ∪ {c(vi) : 1 ≤ i ≤ n} ∪ {ci,j : {vi, vj} ∈ E}.

Now, consider a vertex cover V ′ ⊆ V of G of size p. Then there exists
a solution T ′ = (VT ′ , ET ′) of Min-Add Graph Motif that adds at most p
colors, defined as follows. The subtree T ′ of T is induced by the vertex
set VT ′ defined as follows:

VT ′ = {li, ai,1 : 1 ≤ i ≤ n} ∪
{ai,2 : vi ∈ V ′} ∪
{ei,x : c(ei,x) = ci,j , 1 ≤ i ≤ n ∧ 1 ≤ x ≤ 3 ∧ i = min(i, j)}.

By construction and since V ′ is a vertex cover, VT ′ induces a subtree
of T . Furthermore, c(V ′T ) =M′ ⊇M. Indeed each color c(li), 1 ≤ i ≤ n,
each color c(vi), 1 ≤ i ≤ n, and each color ci,j , where {vi, vj} ∈ E, appears
in M′. Notice that by construction M′ \M is the set colors c(vi), with
vi ∈ V ′. As a consequence |M′ \M| ≤ p.

Let us consider now a solution VT ′ of Min-Add Graph Motif, where
c(VT ′) = M′ and let |M′ \M| ≤ p. First, notice that each color in the
set {c(li) : 1 ≤ i ≤ n} ∪ {ci,j : {vi, vj} ∈ E} occurs once in M. Since
each color in the set {ci,j : {vi, vj} ∈ E} is associated to a leaf of T , it
follows that none of the colors in {c(li) : 1 ≤ i ≤ n} ∪ {ci,j : {vi, vj} ∈ E}
will be in M′ \ M. As a consequence, it follows that M′ \ M contains
only those colors c(vi), where vi is a vertex of the graph G, and in this
case M′ will contain two occurrences of c(vi) and the vertices ai,1, ai,2
will be in VT ′ . Since each ci,j ∈ M′, it follows that each vertex having
color ci,j is adjacent in VT ′ to a vertex ai,2, colored by c(vi). Defining
V ′ = {vi ∈ V : ai,2 ∈ VT ′ , 1 ≤ i ≤ n}, it follows that V ′ is a vertex cover
of G of cardinality at most p, which completes the proof. ut
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4 Parameterized Complexity of Min-Sub Graph Motif

In this section, we discuss the parameterized complexity of Min-
Sub Graph Motif, when parameterized by |M|. We recall that, as discussed
in Section 2, Min-Sub Graph Motif and Min-Add Graph Motif are not in
FPT when parameterized by the size of the solution, and that Min-Add
Graph Motif is in FPT when parameterized by |M|. Hence we consider
the parameterized complexity of the Min-Sub Graph Motif problem, when
the parameter is |M|, and we exhibit a fixed-parameter algorithm for this
case.

Let us first consider the case where the motif M is colorful (i.e., M
is a set). The algorithm is based on dynamic programming. Let (G =
(V,E),M) be an instance of Min-Sub Graph Motif. First, we assume that
each connected component P of G has size at least |M|, otherwise we
can remove P from G as there is no solution of Min-Sub Graph Motif
that includes a vertex of P .

Define a k-partial occurrence of a (multi)set of colors C in G as a set
of k vertices VT ⊆ V such that G[VT ] is connected and there exists a
subset VT,C ⊆ VT , that matches a subset C ′ ⊆ C.

Given a vertex v of the input graph G, a subset of colors C ⊆ M,
and a value k > 0, define S[v, C, k] as the minimum value z required by
a k-partial occurrence VT of C in G such that:

1. v ∈ VT ,
2. |VT,C | = q, and
3. z + q = k.

Now, let us define the dynamic programming recurrence to compute
S[v, C, k]:

S[v, C, k] = min
C′⊆C,u∈N(v),k1+k2=k

{
S[v, C ′, k1] + S[u,C \ C ′, k2]

}
. (1)

For the base cases: S[v, C, 1] = 0, when c(v) ∈ C, for each C ⊆ M,
and v ∈ V , and S[v, C, 1] = 1 when c(u) /∈ C, for each C ⊆ M. We now
prove the correctness of Recurrence (1).

Lemma 2. Let (G,M) be an instance of Min-Sub Graph Motif, v be a
vertex of G, and C be a subset of M. There is a k-partial occurrence VT
of C in G, with v ∈ VT and |VT,C | = q, if and only if there exists an entry
S[v, C, k] = z, where z + q = k.

Proof. Let us consider the case S[v, C, k] = z. In the basic case,
S[v, C, 1] ∈ {0, 1} depending whether c(v) ∈ C or c(v) /∈ C. Let
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S[v, C ′, k1] = z1 and S[u,C \C ′, k2] = z2, where z1 + z2 = z, k = k1 + k2
and u, v are adjacent in G. By induction, there exists a k1-partial occur-
rence VT1 of C ′ such that v ∈ VT1 , with |VT1 | = k1 and |VT1,C′ | = q1, where
q1 + z1 = k1, and there exists a k2-partial occurrence VT2 of C \ C ′ such
that u ∈ VT2 , with |VT2 | = k2 and |VT2,C\C′ | = q2, where q2 + z2 = k2.

Consider a color c and assume that there exists a vertex v1 ∈ VT1 and
a vertex v2 ∈ VT2 , such that c(v1) = c(v2) = c. Observe that at most one
of v1, v2 can match a color of C ′ and C \C ′, as these two sets are disjoint.
Furthermore, notice that we can assume that if a color c is matched by
a vertex VT,C , then either c ∈ c(VT1,C′) (hence it contributes to the value
q1) or either c ∈ c(VT2,C′) (hence it contributes to the value q2). It follows
that q = q1 + q2. Notice that the two sets VT1 and VT2 may share some
vertices. In this case, the k-partial occurrence VT of C is obtained by
replacing the vertices in VT1 ∩ VT2 with |VT1 ∩ VT2 | vertices adjacent to
the connected component of G induced by VT1 ∪ VT2 .

Assume that there exists a k-partial occurrence VT of C in G such
that |VT,C | = q. Let us first consider the basic cases. If we are considering
a single vertex v, then S[v, C ′, 1] = 0 if c(v) ∈ C ′, that is the color c(v) is
matched, while S[v, C ′, 1] = 1 if c(v) /∈ C ′.

Assume that |VT | = k > 1 ; we can then find a vertex u ∈ VT where
{u, v} ∈ E, and a set C ′ ⊆ C, such that VT can be split into a k1-partial
occurrence VT1 of C ′ in G, with |VT1,C′ | = q1 and v ∈ VT1 , and a k2-
partial occurrence VT2 of C \ C ′ in G, with |VT2,C\C′ | = q2 and u ∈ VT2 ,
where it holds k1 + k2 = k and VT1 ∩ VT2 = ∅. The bipartition of C into
C ′ and C \ C ′ is such that if a color c is in c(VT1), then c ∈ C ′, else
c ∈ C \ C ′. By construction, q = q1 + q2. By induction, S[v, C, k1] = z1
and S[u,C \C ′, k2] = z2, where z1 = k1 − q1, and z2 = k2 − q2. Applying
Recurrence (1), it follows that S[v, C, k] = z. ut

An optimal solution for Min-Sub Graph Motif can be computed from
the minimal value z in the entries S[v,M, |M|], with v ∈ V . Indeed, an
|M|-partial occurrence VT ofM is a solution of Min-Sub Graph Motif re-
quiring |M| − |VT,|M|| substitutions.

The time complexity of the algorithm is O(3|M|n4). Indeed, there are
at most 3|M| bipartitions of a subset C of M, for each possible subset
C of M, while, for each vertex v ∈ V , there are at most n choices for
vertex u adjacent to v, and there are at most n choices for the value
of k1 (and hence of k2). In order to extend the results to a multiset,
we apply the recoloring technique described in [4] and briefly recalled in
Section 2. Combining Lemma 2 with Lemma 1, we obtain a randomized
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fixed-parameter algorithm for Min-Sub Graph Motif of time complexity
O∗((3e)O(|M|)).

5 Parameterized Complexity of CGM

In this section, we consider the parameterized complexity of CGM, where
the parameter is the number k of residue colors, that is k = |Rc|, where
Rc = M\ c(VM ) (recall that VM denotes the set of mandatory vertices
in G). First, in Section 5.1, we introduce the definition of treewidth, then
we show that in Section 5.2 that CGM is fixed-parameter tractable when
the input graph has bounded treewidth; then, in Section 5.3, we prove
that CGM is W[2]-hard, even if the input graph has diameter 2.

5.1 Definition of Treewidth

In this section, we consider the case where the input graph has bounded
treewidth. Let us recall the definition of a tree decomposition of a
graph [10, 17].

Definition 1. Let G = (V,E) be a graph. A tree decomposition of G is
a pair 〈{Xi : i ∈ I}, T 〉, where each Xi is called a bag, T is a tree having
as vertices the elements of I, such that:

1. ∪i∈IXi = V ,

2. for each edge {u, v} ∈ E, there is a bag Xi with u, v ∈ Xi,

3. for each i, j, k in I, if j is on the path from i to k in T , then Xi∩Xk ⊆
Xj.

The width of 〈{Xi : i ∈ I}, T 〉 is equal to max{|Xi| : i ∈ I} − 1. The
treewidth of G is equal to the minimum δ such that G has a tree decom-
position of width δ.

A tree decomposition 〈{Xi, i ∈ {1, . . . , p}}, T 〉 of a graph G is nice
(see [17]) when, given a vertex i of the tree decomposition, i has at most
two children and the following conditions hold:

1. if i has two children j and k, then Xi = Xj = Xk;

2. if i has exactly one child j, then

(a) either |Xi| = |Xj |+ 1, and then Xj ⊂ Xi;

(b) or |Xi| = |Xj | − 1, and then Xj ⊃ Xi;

3. if i is a leaf, then |Xi| = 1.
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5.2 A Fixed-Parameter Algorithm for Graphs of Bounded
Treewidth

First, we show that CGM is in FPT when the input graph is a tree.

Theorem 3. The CGM problem, parameterized by the number k of
residue colors, is in FPT when the input graph is a tree.

Proof. Let (T = (V,E),M, VM ) be an instance of CGM, where T is a
tree. Let k be the number of residue colors. First fix a vertex v′ ∈ VM as
the root of T . Now, denote by VA ⊆ V a set of vertices that must be part
of any feasible solution of CGM . Let VA be the uniquely defined set of
vertices such that VA ∪ VM is connected in T .

Obviously, each vertex in VA must be part of any feasible solution of
CGM over instance (T,M, VM ). Notice that if c(VA) 6⊆ M, then there is
no solution to CGM.

LetM′ =M\c(VA). Let T ∗ be a tree obtained from T by contracting
to a single vertex r∗ the subtree T [VA]. Since T is rooted at v′ and v′ ∈ VA,
it follows that r∗ is the root of T ∗. Assign a new color c(r∗) to the root
of r∗ and define M∗ = M′ ∪ {c(r∗)}. It follows that the CGM problem
over input (T,M, VM ) is reduced to the Graph Motif problem over input
(T ∗,M). As |M∗| ≤ k + 1, and as the Graph Motif problem is fixed-
parameter tractable when the parameter is the size of the motif [12], the
result follows. ut

Next, we describe a fixed-parameter algorithm for CGM for graphs of
bounded treewidth. Let (G = (V,E),M, VM ) be an instance of CGM, and
let us first consider the case where the motif M is colorful.

Recall that we denote by k the number of residue colors, and by δ the
treewidth of graph G. The algorithm is based on a nice tree decomposition
of G (see Section 2 for a definition). We also consider a slightly more
general problem, where we look for an occurrence of a motif, such that the
occurrence consists of at most δ+ 1 connected components. The different
connected components are induced by a partition of a bag Xi of the nice
tree decomposition. Given a vertex i of the nice tree decomposition of G,
we denote by T [i] the subtree of the nice tree decomposition rooted at i
and we let V (T [i]) = {u ∈ Xj : j ∈ T [i]}.

Now, consider a set Xi, 1 ≤ i ≤ p, of the nice tree decomposition
〈{Xi, i ∈ {1, . . . , p}}, T 〉. From the definition of treewidth, it follows that
|Xi| ≤ δ + 1. Now, let us define a mapping function fi associated to the
vertices of Xi, as follows.
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Definition 2. Let Xi, 1 ≤ i ≤ p, be a bag of the nice tree decomposition
of G. A mapping function fi from Xi to {0, 1, . . . , δ+ 1} is feasible when

1. fi(v) 6= 0 for each mandatory vertex v in Xi,
2. for each pair of vertices u, v ∈ Xi such that c(u) = c(v), then fi(u) = 0

or fi(v) = 0,
3. for any fixed l, with 1 ≤ l ≤ δ + 1, define X l

i = {v ∈ Xi : f(vi) = l}
and X ′i = ∪lh=1X

h
i ; then X l

i is a maximal connected component of
G[X ′i].

Informally, a feasible mapping fi represents a partition of a subset
X ′i ⊆ Xi into at most δ + 1 connected components, where fi(v) = p 6= 0
implies that v belongs to the p-th connected component of X ′i, while
fi(v) = 0 implies that v does not belong to X ′i.

Definition 3. Let W be a set of vertices of V (T [i]), consisting of the
connected components W1,W2, . . . ,Wz. Let fi be a feasible mapping from
Xi to {0, 1, . . . δ + 1}, then W is mapped (or partitioned) according to fi
if:

1. for each p, 1 ≤ p ≤ z, Wp ∩ Xi 6= ∅, and there exists exactly one l,
1 ≤ l ≤ δ + 1, such that Wp ∩Xi = X l

i ;
2. for each l, 1 ≤ l ≤ δ+ 1, such that X l

i 6= ∅, there exists exactly one p,
1 ≤ p ≤ z, such that X l

i = Wp ∩Xi.

Notice that by Definition 3, if a vertex u of W is not in Xi, then there
exists a vertex v in W ∩Xi such that v and u are in the same connected
component Wx of W , v is assigned some label l 6= 0, and all the vertices
of Wx ∩Xi are assigned the same label l.

Given two sets Xi and Xj of a nice tree decomposition, and two feasi-
ble mappings fi : Xi → {0, . . . , δ + 1} and fj : Xj → {0, . . . , δ + 1}, then
fi and fj are consistent if, for each v ∈ Xi ∩Xj , fi(v) = fj(v).

Let i be a vertex of the nice tree decomposition, with exactly one
child j, such that |Xi| = |Xj |+ 1 and Xj ⊂ Xi, with v ∈ Xi \Xj , then a
feasible mapping fi is an extension of a feasible mapping fj , when either:

1. fi(v) = 0, or

2. fi(v) = l, l ∈ {1, . . . , δ + 1}, fi(u) 6= l for each u ∈ Xi ∩Xj , and fi,
fj are consistent, or

3. there exists a value l ∈ {1, . . . , δ + 1} such that
(a) fi(v) = l,
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(b) for any z ∈ Xi ∩Xj , if fj(z) = 0 then fi(z) = 0,

(c) for any z ∈ Xi ∩ Xj such that fj(z) 6= 0, if fi(z) 6= fj(z) then
fi(z) = l.

Given a feasible mapping fi from Xi to {0, 1, . . . δ + 1}, define
c(Xi, fi) = {c ∈ Rc : ∃v ∈ Xi, c(v) = c ∧ fi(v) 6= 0}.

Define the value S[i, fi, C
′], where i is a vertex of the nice tree decom-

position of G, fi is a feasible mapping function from Xi to {0, 1, . . . δ+ 1}
and C ′ ⊆ Rc is a subset of the residue colors. S[i, fi, C

′] = 1 when there
exists a set W of vertices in the nice tree decomposition rooted at i, such
that the vertices of W can be partitioned according to fi, where each
mandatory vertex of T [i] is in W , and the set of residue colors in c(W )
is C ′ ; else S[i, fi, C

′] = 0. Next, we describe how to compute S[i, fi, C
′]

by dynamic programming, depending on three different cases of a nice
tree decomposition.

Case 1) Assume that vertex i has two children j and h (recall that
Xi = Xj = Xh), then

S[i, fi, C
′] =

∨
fj ,fh,Cj ,Ch

S[j, fj , Cj ] ∧ S[h, fh, Ch],

where fi, fj , fh are all feasible and consistent, C ′ = (Cj ∪ Ch) and
c(Xi, fi) = Cj ∩ Ch.

Case 2) Assume that i has exactly one child j, such that Xi = Xj ∪{v},
then

S[i, fi, C
′] =

∨
fj ,Cj

S[j, fj , Cj ],

where fi and fj are feasible, fi is an extension of fj , and
(i) C ′ = Cj ∪ {c(v)} and c(v) /∈ Cj , if fi(v) 6= 0 and v /∈ VM ;
(ii) C ′ = Cj otherwise.

Case 3) Assume that Xi has exactly one child Xj , such that Xi = Xj \
{v}, then

S[i, fi, C
′] =

∨
fj

S[j, fj , C
′],

where fi and fj are feasible and consistent, and, when fj(v) 6= 0, there
is a vertex z ∈ Xi ∩Xj , such that fj(z) = fj(v).
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For the base cases (when Xi is a leaf of the nice tree decomposition),
define S[i, fi, C

′] = 1 if there is a partition of the vertices of Xi accord-
ing to the feasible function fi, and if c(Xi, fi) = C ′ ; otherwise, define
S[i, fi, C

′] = 0.

First, we prove the correctness of the above recurrences, then we dis-
cuss the time complexity of the algorithm.

Lemma 3. Let fi be a feasible mapping function from Xi to {0, 1, . . . , δ+
1}, and let W be a set of vertices in V (T [i]), such that W contains all
the mandatory vertices in V (T [i]), W can be mapped according to fi and
C ′ is the set of residue colors in c(W ). Then S[i, fi, C

′] = 1.

Proof. Let C ′ be a set of residue colors and let T [i] be the subtree of T
rooted at vertex i. Consider a set of vertices W in V (T [i]) such that the
set of residue colors of c(W ) is C ′. Let us consider a function fi, such that
the vertices of W are mapped according to function fi. In what follows,
we will prove by induction that S[i, fi, C

′] = 1. The lemma holds in the
base case, by definition, when i is a leaf of the nice tree decomposition. By
the induction hypothesis, assume that the lemma holds for any vertices j
of T [i] different from the root of T [i]. Now, we will consider three possible
cases for the tree decomposition.

Assume that we are in Case 1) of the tree decomposition. Recall that
Xi = Xj = Xh. By the property of tree decomposition, as the sets of
the tree decomposition containing a vertex of G must be connected, any
vertices in V (T [j])∩V (T [h]) must belong also to Xi. It follows that each
color c in C ′ is covered either by a vertex in Xi, or by a vertex v of
exactly one of V (T [j]), V (T [h]) (notice that v /∈ Xi). Let Cj , Ch be the
two sets of residue colors covered by the vertices of V (T [j]) and V (T [h])
respectively. Now, consider the subset Wy of vertices of W contained in
V (T [y]), y ∈ {j, h}, and let fy be a function consistent with fi. Since
the vertices of W can be mapped according to fi, the vertices of Wy can
be partitioned according to fy. By induction hypothesis, it follows that
S[j, fj , Cj ] = 1 and S[h, fh, Ch] = 1, hence it follows that S[i, fi, C

′] = 1.

Assume that we are in Case 2) of the tree decomposition. Recall that
Xi = Xj∪{v}. Let us consider two cases, depending whether v belongs to
W . First, if v does not belong to W , then fi(v) = 0 and each vertex of W
belongs to V (T [j]), hence considering the function fj such that fi is an
extension of fj , it holds by induction hypothesis S[j, fj , C

′] = 1. Applying
Case 2) of the recurrence, there is a mapping fi such that fi and fj are
consistent, and S[i, fi, C

′] = 1. Second, if v belongs to W , it follows that
the set of residue colors covered by W with vertices in V (T [j]) is Cj = C ′\
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{c(v)} if v /∈ VM , else Cj = C ′. Now consider the connected components
of W induced by fi. After removing v, the connected components will
(possibly) split into at most γ < δ + 1 connected components S1, . . . , Sγ .
Each connected component Sh, 1 ≤ h ≤ γ, contains a vertex yh adjacent
to v and, by the property of tree decomposition, yh ∈ Xi ∩Xj . Consider
a function fj of Xj such that fi is an extension of fj . Then, the set of
vertices in S \{v} is mapped according to fj , and by induction hypothesis
S[j, fj , Cj ] = 1. Applying Case 2) of the recurrence, S[i, fi, C

′] = 1.

Assume finally that we are in Case 3) of the tree decomposition. Since
Xj = Xi ∪ {v}, then the set of residue colors covered by vertices of W
in V (T [i]) is equal to the set of residue colors covered by vertices of W
in V (T [j]). Observe that, by the property of the tree decomposition, all
the vertices adjacent to v in G belong to V (T [j]). If v does not belong
to W , then defining fj as the function consistent with fi and such that
fj(v) = 0, it holds S[j, fj , C

′] = 1 and hence S[i, fi, C
′] = 1. If, on the

contrary, v belongs to W , either C ′ = ∅ and fi(u) = 0, for each u ∈ Xi, or
there must be a vertex u of W∩Xi adjacent to v in W such that fi(u) 6= 0,
otherwise v is isolated and cannot be mapped according to a mapping fi.
Hence we can define a mapping function fj which is consistent with fi,
such that fi(u) = fj(u) = fj(v) and W can be partitioned according to
fj . By induction hypothesis S[j, fj , C

′] = 1, and applying Case 3) of the
recurrence, it follows that S[i, fi, C

′] = 1. ut

Lemma 4. Let S[i, fi, C
′] = 1 for a feasible mapping function fi from Xi

to {0, 1, . . . , δ + 1}, then there exists a set W of vertices in V (T [i]) such
that the set of residue colors in c(W ) is C ′, W contains all the mandatory
vertices in V (T [i]) and the vertices of W can be mapped according to fi.

Proof. First notice that, since each mapping function fh considered, with
h a vertex of T [i], is feasible, then each mandatory vertex that belongs
to Xh is assigned by fh a label l 6= 0. By construction, it follows that
S[i, fi, C

′] = 1 only if each mandatory vertex is assigned a label different
from 0, hence it must belong to any set of vertices that can be mapped
according to fi.

The lemma holds in the base case, by definition, when i is a leaf
of the nice tree decomposition. By the induction hypothesis, we assume
that the property holds for each vertex j in T [i] different from i, that is
if S[j, fj , Cj ] = 1, then there exists a set of vertices W ′ in V (T [i]) such
that the set of residue colors of c(W ) is Cj and such that the vertices of
W ′ can be mapped according to fj , for some feasible function fj . Now,
let us consider the three possible cases for the tree decomposition.
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Assume that we are in Case 1), that is vertex i has exactly two children
j and h in the nice tree decomposition ofG. Notice that, by the property of
a tree decomposition, all the vertices that are contained in both V (T [j])
and V (T [h]) must belong to Xi. Since S[i, fi, C

′] = 1, it follows that
there must exist two sets Cj , Ch such that C ′ = Cj ∪ Ch and Cj ∩ Ch =
c(Xi, fi), and two feasible functions fj , fh, both consistent with fi, such
that S[j, fj , Cj ] = 1 and S[h, fh, Ch] = 1. This implies that there exists
two sets of vertices Wj , Wh in V (T [j]) and V (T [h]) such that the set of
residue colors of c(Wj) and c(Wh) are Cj and Ch respectively, and such
that Wj and Wh can be mapped according to functions fj , fh respectively.
Since fi must be consistent with fj and fh, and since Xi = Xj = Xh, it
follows that there exists a set of vertices W in V (T [i]) such that the set
of residue colors of c(W ) is C ′ and such that W can be mapped according
to the mapping function fi.

Assume that we are in Case 2), that is, vertex i has exactly one child
j in the nice tree decomposition of G, and Xi = Xj ∪ {v}. Let fj be the
mapping function of Xj such that fi is an extension of fj . Now assume
that fi(v) = l and fi(u) 6= l for each u 6= v. By induction, there exists a
set Wj of vertices in V (T [j]) such that the set of residue colors of c(Wj)
is Cj (notice that Cj is equal to C ′ \ c(v) if fi(v) 6= 0 and v /∈ VM , and
Cj = C ′ otherwise), and such that the vertices of Wj can be mapped
according to fj . Then there exists a set W of vertices such that the set
of residue colors of c(W ) is C ′ and such that W is mapped according to
fi. Assume that fi(v) = l and that there exists a vertex u ∈ Xi ∩ Xj

such that fi(u) = l. By construction, for each vertex u ∈ Xj such that
fj(u) 6= fi(u), we must have fi(u) = fi(v) = l. Furthermore, for each
u,w ∈ Xi ∩ Xj , such that fj(u) = fj(w), it holds fi(u) = fi(w). Now,
by the induction hypothesis, since S[j, fj , Cj ] = 1, it follows that there
exists a set of vertices Wj in V (T [j]) such that the set of residue colors
of c(Wj) is Cj , and such that the vertices of Wj are mapped according
to function fj . Since fi is an extension of fj , by construction, the set of
vertices mapped in l by fi are in a connected component, hence there
exists an occurrence W in V (T [i]) such that the set of residue colors of
c(W ) is C ′ (notice that Cj is equal to C ′ \ c(v) if v /∈ VM , and Cj = C ′

otherwise), and such that the vertices are mapped according to fi.

Assume that we are in Case 3), that is, vertex i has exactly one child
j in the nice tree decomposition of G, and Xi = Xj \ {v}. Let fj be the
function over Xj such that fi and fj are consistent. If fj(v) = 0, since
fi and fj must be consistent, it follows that the lemma holds. If vertex
v is such that fj(v) = l, with l 6= 0, by construction there is a vertex
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u of Xi ∩ Xj with fi(u) = fj(u) = l connected to v. By the induction
hypothesis, it follows that there is a set of vertices W in V (T [j]) such that
the set of optional occurrences of c(W ) is Cj , and such that the vertices
of W can be mapped according to function fj . Hence the vertices of W
are mapped also according to function fi, since v is in the same connected
component as u, and fi and fj are consistent. ut

Lemma 5 shows how the values S[i, fi, C
′] are used to compute the

existence of a feasible solution of CGM.

Lemma 5. Let (G = (V,E),M, VM ) be an instance of the CGM problem.
Then there is a solution W for CGM over instance of (G,M, VM ) if and
only if there is a vertex i of the nice tree decomposition of G and a feasible
function fi that maps Xi to {0, x}, 1 ≤ x ≤ δ+1, such that S[i, fi, Rc] = 1
and VM ⊆ V (T [i]).

Proof. Assume that there is a vertex i of the nice tree decomposition of
G and a feasible function fi that maps Xi to {0, x}, 1 ≤ x ≤ δ + 1,
such that S[i, fi, Rc] = 1 and all the mandatory vertices of G are in T [i].
By Lemma 4, it follows that there is a set of vertices W in V (T [i]) that
contains all the mandatory vertices of G, such that the set of optional
occurrences in c(W ) is Rc and such that the vertices of W can be mapped
according to fi. Furthermore, notice that W consists of a single connected
component. Hence W is a solution of CGM.

Consider the case where there is a solution W of CGM over an instance
(G = (V,E),M, VM ). Consider a vertex i of the tree decomposition of G
such that all the vertices of W are contained in V (T [i]). By Lemma 3, it
follows that S[i, fi, Rc] = 1 for some feasible function fi that maps Xi to
{0, x}, with 1 ≤ x ≤ δ + 1. ut

Now, we discuss the time complexity of the above algorithm. Denote
by n the cardinality of V . Given a vertex i and the associated set Xi of
the nice tree decomposition, the number of possible mapping functions
from Xi to {0, . . . , δ + 1} is O(δδ). The number of possible subsets C ′

is O(2k). Since the number of vertices of a nice tree decomposition is
O(n), it follows that we have O(δδn2k) entries S[i, fi, C]. Given a mapping
function fi from Xi to {0, . . . , δ+1}, computing an entry S[i, fi, C], given
the entries of the child(ren) of i, requires time at most O(δ2δ22k) (notice
that the worst case occurs when i has two children). Hence the total time
complexity is O(δ3δn23k).

The algorithm can be extended to the case when a motif is a
multiset of colors, applying the recoloring technique presented in Sec-
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tion 2 (see Lemma 1). As a consequence, we obtain a randomized fixed-
parameter algorithm for CGM over graphs of treewidth δ of time com-
plexity O(| ln(ε)|δδn24.4427k).

5.3 Hardness of Parameterization

The CGM problem parameterized by the number of optional occurrences is
W[2]-hard, as stated in Section 2. Here we strengthen the result, showing
that the problem is W[2]-hard even when the input graph has diameter 2.

Notice that the diameter of the input graph is a parameter of par-
ticular interest in biological networks. Indeed, many biological networks
exhibit the so called “small world network phenomenon” [24]. In partic-
ular, it has been observed that metabolic networks have usually a small
diameter, in many cases ranging from 3 to 5 [16].

Theorem 4. The CGM problem, parameterized by the number of optional
occurrences, is W[2]-hard, even when the input graph has diameter 2.

Proof. We give a parameterized reduction from Minimum Set Cover (Min-
SC) to CGM. Let us first introduce the Min-SC problem. Given a universe
U = {u1, . . . , un}, a collection of sets S = {S1, . . . , Sm} over U and an
integer k, the goal of Min-SC is to compute a collection S ′ of at most
k sets of S, such that

⋃
S′
i∈S′

S′i = U . Min-SC is known to be W[2]-hard

when the parameter is k [18].
Let (U,S) be an instance of Min-SC, define a corresponding instance

(G = (V,E),M, VM ) of the CGM problem as follows. The graph G is
defined as follows (see Figure 3):

V = {r} ∪ {r′} ∪ {vu,j : 1 ≤ j ≤ n} ∪ {vS,i : 1 ≤ i ≤ m}
E = {r, r′} ∪ {{r, vS,i}, {{r′, vS,i} : 1 ≤ i ≤ m} ∪

{vS,i, vu,j} : 1 ≤ i ≤ m ∧ uj ∈ Si} ∪ {r′, vu,j} : 1 ≤ j ≤ n}.

It is easy to see that G has diameter 2 since by construction, vertex
r′ is connected to every other vertex in V . Let us now define the coloring
of V . Vertices r and r′ are both colored by c(r), vertex vS,i, 1 ≤ i ≤ m, is
colored by c(S), and vertex vu,j , 1 ≤ j ≤ n, is colored by c(uj). The motif
M is a multiset containing one occurrence of color c(r), one occurrence of
each color c(uj), 1 ≤ j ≤ n, and k occurrences of color c(S). Let us now
define the set of mandatory vertices: VM = V \({vS,i : 1 ≤ i ≤ m} ∪ {r′}).

First, let us prove that given a solution of Min-SC of cardinality at
most k, then we can compute in polynomial-time an occurrence of motif
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M in G. Let S ′ be a solution of Min-SC of cardinality at most k. We can
assume that S ′ contains exactly k sets, otherwise we can add some sets
of S to S ′. Let S ′ = {Sq1 , Sq2 , . . . Sqk : 1 ≤ qi ≤ m}. Let us define T as
the subgraph of G induced by the following vertices: VT = {r} ∪ {vS,qi :
1 ≤ i ≤ k} ∪ {uj : 1 ≤ j ≤ n}. VT is an occurrence of M, as c(VT )
contains color c(r), k occurrences of color c(S) and one occurrence c(uj),
for each uj ∈ U . Moreover, T is connected, since S ′ covers the elements
in U , hence each vertex vu,j is adjacent to at least one vertex of vS,qi ,
1 ≤ i ≤ k.

Now, we prove that given an occurrence VT of motif M in G, then
we can compute in polynomial-time a solution of Min-SC of cardinality
at most k. Let VT be an occurrence of motif M in G. Observe that VT
must contain each mandatory vertex. Since r is a mandatory vertex and
M contains exactly one occurrence of color c(r), it follows that r′ /∈ VT ,
as r′ is not mandatory and is colored by c(r).

Now, consider the subset VS′ ⊂ VT of vertices vS,i, 1 ≤ i ≤ n. Notice
that VT must contain exactly k such vertices, as they are all colored by
c(S) and asM contains exactly k occurrences of color c(S). Furthermore,
since G[VT ] is connected and since each vertex vu,j , 1 ≤ j ≤ n, is manda-
tory, hence it must be in G[VT ], it follows that each vertex vu,j , 1 ≤ j ≤ n,
is connected to some vertex in VS′ . Defining S ′ = {Sqi : vS,qi ∈ VT }, it
follows that S ′ covers the universe set U and by construction has cardi-
nality k.

Notice that, by construction, the number of optional occurrences in a
solution of CGM over instance (G = (V,E),M, VM ) is exactly k. Hence
the reduction is parameter preserving, thus implying that CGM is W[2]-
hard.

T
r r′

vS,1 vS,i vS,m

vu,1 vu,j vu,n

Fig. 3. Illustration of the reduction from Min-SC to CGM; notice that element uj ∈ Si.
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ut

6 Conclusion

In this paper, we have considered three variants of the Graph Motif prob-
lem, namely Min-Add Graph Motif, Min-Sub Graph Motif and CGM. We
have investigated the computational and parameterized complexity of the
three problems. More precisely, we have shown that Min-Add Graph Mo-
tif and Min-Sub Graph Motif are NP-hard even if the input graph is a
tree T , the motifM is colorful and each color occurs at most twice in T .
Furthermore, we have given an FPT algorithm for Min-Sub Graph Motif,
where the parameter is the size of the motif. Finally, we have investigated
the parameterized complexity of the CGM problem, when parameterized
by the number of optional occurrences. We have shown that CGM is fixed-
parameter tractable when the input graph has bounded treewidth, while
it is W[2]-hard even if the input graph has diameter 2.

Future directions include the design of faster FPT algorithms for the
problems as well as heuristics that can be applied effectively on real in-
stances. Kernelization has been investigated only for Graph Motif [1]. Fol-
lowing the same approach, it would be interesting to investigate the ker-
nelization complexity for some variants of Graph Motif discussed in this
paper. Furthermore, we have shown that Min-Add Graph Motif and Min-
Sub Graph Motif are NP-hard even if the input graph is a tree T , the motif
M is colorful and each color occurs at most twice in T . Consider the case
that each color occurs at most once in T . In this case it is easy to see
that Min-Add Graph Motif is in P, while an open problem is to investigate
the computational complexity of Min-Sub Graph Motif. Finally, it would
be interesting to consider other variants of the Graph Motif problem, in
particular a generalization of the considered variants that looks for an
occurrence of a motif allowing for insertions, deletions, and substitutions.
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5. S Böcker, F. Rasche, T. Steijger, Annotating Fragmentation Patterns. In WABI
2009, pp. 13-24, 2009.
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