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Abstract

Modal Transition Systems (MTSs) are finite-state automata whose transitions are typed with may and must modalities.
MTSs can be used to represent a possibly infinite set of transition systems (TSs) that are its implementations. Informally,
a must transition is available in every TS that implements the MTS, while a may transition needs not be. Given
two MTSs, we consider the problem of computing their greatest lower bound (GLB), i.e., a new MTSs whose set of
implementations is the intersection of those of the original MTSs. We show that for non-deterministic MTSs, such an
intersection may not be computable. We then consider Acceptance Set Automata (ASAs) that is an extension of MTSs
where may and must modalities are replaced by sets of actions. We show that the GLB of two ASs can always be
computed. We conclude by showing that, contrary to the deterministic case, the class of non-deterministic MTSs is not
a proper subclass of the one of non-deterministic ASAs.
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1. Introduction

Nowadays, systems are tremendously large and com-
plex, resulting from the assembling of several components.
These many components are in general designed by teams,
working independently but with a common agreement on
what the interface of each component should be. As a
consequence, the study of mathematical foundations that
allow designers to reason at the abstract level of interfaces
is a very active research area. According to the littera-
ture, an interface theory should at least be equipped with
a satisfaction relation (to decide whether the system is an
implementation of the interface), a consistency check (to
decide whether the specification admits an implementa-
tion), a refinement (to compare specifications in terms of
inclusion of sets of implementations), a logical composition
(to compute the intersection of sets of implementations),
and a structural composition (to combine specifications).

Among existing interfaces theories,[1, 2, 3, 4, 5] for
components that are described with Transition Systems
(TSs), one finds Modal Transition Systems (MTSs) [4].
MTSs are TSs whose transitions are typed with may and
must modalities. A modal specification thus represents a
set of models; informally, a must transition is available in
every component that implements the modal specification,
while a may transition needs not be. A MTS can thus rep-
resent a possibly infinite set of TSs, that are its implemen-
tations. It can be showed that deterministic modal spec-

ifications are as expressive as the conjunctive nu-calculus
fragment of the mu-calculus [6].

It is now well established that deterministic MTSs act
as a good specification theory for TSs. Indeed, operations
such as structural and logical composition or quotient can
be computed with polynomial time algorithms [7, 4]. Fi-
nally, implementation set inclusion can be checked in poly-
nomial time through a syntactical refinement algorithm.

When switching to non-deterministic MTSs, the situ-
ation is not as idyllic. As an example, one can show that
syntactical refinement does not correspond to implemen-
tation set inclusion and that this property can only be
checked with an EXPTIME-Complete algorithm [8].

This short paper adds one stone to the cathedral of neg-
ative results on non-deterministic MTSs Indeed, we show
that for non-deterministic MTSs, such an intersection may
not be computable. We then consider Acceptance Set Au-
tomata (ASAs) that is an extension of MTSs where may
and must modalities are replaced by sets of actions. We
show that the GLB of two ASs can always be computed.
We conclude by showing that, contrary to the determin-
istic case, the class of non-deterministic MTSs is not a
proper subclass of the one of non-deterministic ASAs.

2. On Conjunction of Modal Transition Systems

We first introduce the main models for this section.
First, Transition Systems (TS), and then Modal Transi-
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ton Systems that is an abstract model for representing a
possibly infinite set of TSs in a finite maner.

Definition 1 (Transition System). A Transition Sys-
tem is a tuple I = (S, AI ,→I , API , VI , sO), where S is a
finite set of states with s0 ∈ S the initial state, AI and
API are sets of actions and atomic propositions, →I⊆
S × AI × S is a transition relation, and VI : S → 2API

is a state-labeling function.

A MTS [4] is an automaton whose transitions are typed
with may and must modalities. Informally, a must transi-
tion is available in every model of the specification, while
a may transition needs not be. Formally, we have the fol-
lowing definition.

Definition 2 (Modal Transition System). A Modal
Transition System is a tuple M = (Q, A, 99K,→, AP, V, q0),
where Q is a set of states with q0 ∈ Q the initial state,
A and AP are sets of actions and atomic propositions,
99K⊆ Q × A × Q and →⊆ Q × A × Q are transition re-
lations with →⊆99K and V : Q → 2AP is a state-labeling
function.

We also introduce a notion of determinism for MTSs.

Definition 3 (Determinism). Let M = (Q, A, 99K,→,
AP, V, q0) be a MTS. M is deterministic iff. for all q ∈ Q
and a ∈ A, we have |{q′ ∈ Q | (q, a, q′) ∈99K}| ≤ 1.

We relate MTSs specifications to TSs implementing
them by using the following satisfaction relation.

Definition 4 (Satisfaction). Let I = (S, AI ,→I , API ,
VI , s0) be a transition system and M = (Q, A, 99K,→, AP,
V, q0) be a MTS with AP ⊆ API and A ⊆ AI . R ⊆ S ×Q
is a satisfaction relation iff, whenever sR q, we have

1. VI(s) ∩ AP = V (q),

2. for all a ∈ A and q′ ∈ Q, if (q, a, q′) ∈→, then there
exists s′ ∈ S such that (s, a, s′) ∈→I and s′ R q′,

3. for all a ∈ A and s′ ∈ S, if (s, a, s′) ∈→I , then there
exists q′ ∈ Q such that (q, a, q′) ∈99K and s′ R q′,
and

4. for all a /∈ A and s′ ∈ S such that (s, a, s′) ∈→I , we
have s′ R q.

We say that I satisfies M , written I |= M iff there exists
a satisfaction relation R such that s0 R q0. The set of TSs
that satisfy M is denoted [[M ]].

Given two MTSs M1 and M2, we are interested in com-
puting their greatest lower bound (GLB), that is a MTS M
whose set of implementations is the intersection of those
of M1 and M2. For deterministic MTSs, such an M can
be computed in polynomial time with a conjunction oper-
ation [4, 7]. The main result of this section is to show that
the GLB of two non-deterministic MTSs may not exist.

Theorem 1. Let M1 and M2 be two MTS. In general,
there exists no MTS M such that [[M ]] = [[M1]] ∩ [[M2]].
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Figure 1: Modal Transition Systems M1 and M2

(1, A)

(2, B)

a

{α}

{β, γ}

(a) TS I1

(1, A)

(2, C)

a

{α}

{δ, γ}

(b) TS I2

(1, A)

(2, C)(2, B)

a a

{α}

{β, γ} {δ, γ}

(c) TS I3

Figure 2: Implementations I1, I2 and I3

Proof.
The proof is by contradiction. Consider the MTS M1 =

({1, 2}, {a}, 99K,→, {α, γ}, V1, 1) and M2 = ({A, B, C},
{a}, 99K,→, {α, β, δ}, V2, A) given in Figures 1a and 1b, re-
spectively. Consider also the TS I1 = ({(1, A), (2, B)}, {a},
→, {α, β, δ, γ}, V ′

1 , (1, A)), I2 = ({(1, A), (2, C)}, {a},→,
{α, β, δ, γ}, V ′

2
, (1, A)) and I3 = ({(1, A), (2, B), (2, C)},

{a},→, {α, β, δ, γ}, V ′

3
, (1, A)), that are given in Figures 2a,

2b and 2c. It is easy to see that those three TSs are im-
plementations of both M1 and M2.

Suppose that there exists a MTS M = (Q, {a}, 99K,
→, {α, β, γ, δ}, V, q0) representing the greatest lower bound
of M1 and M2. By definition, one should have that I1 |=
M , I2 |= M and I3 |= M .
Let R3 be the satisfaction relation witnessing I3 |= M .
By definition, we must have that (1, A)R3 q0. As a con-
sequence, we have that V (q0) = {α}. Moreover, one
can find states q1 and q2 in Q such that (q0, a, q1) ∈99K,
(q0, a, q2) ∈99K, q1 R3(2, B), q2 R3(2, C), V (q1) = {β, γ},
and V (q2) = {δ, γ}. We will show that (q0, a, q1) and
(q0, a, q2) cannot be turned to must transitions, which will
allow us to generate an implementation that cannot be
accepted by M1.
Let R1 and R2 be the satisfaction relations witnessing
I1 |= M and I2 |= M , respectively. Since there is no
transition from (1, A) to a state with a valuation δ, γ in
I1, we have that (q0, a, q2) /∈→. Similarly, since there is
no transition from (1, A) to a state with a valuation β, γ
in I2, we have that (q0, a, q1) /∈→.
Consider the implementation I = ({q0}, {a}, ∅, {α}, VI, q0)
with VI(q0) = α. Since there is no must transition in M ,
we have that I |= M . However, it is obvious that I 6|= M1.
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3. Beyond Modal Transition Systems

Several variants of MTSs have been considered. Among
them, one finds Acceptance Set Automata [7] that are for-
mally defined hereafter.

Definition 5 (Acceptance Set Automata). An Accep-
tance Set Automata (ASA for short) is a tuple A = (Q, A,
L,→, AP, V, q0), where Q is a set of states with q0 ∈ Q the
initial state, A and AP are sets of actions and atomic
propositions respectively, →⊆ Q × A × Q is a transition

relation, L : Q → 22
A

associates to each state an accep-
tance set such that for all q ∈ Q, for all T ∈ L(q) and for
all t ∈ T , there exists q′ ∈ Q such that (q, t, q′) ∈→, and

V : Q → 22
AP

is a state-labeling function.

The satisfaction relation between TS and ASAs is de-
fined as follows.

Definition 6 (Satisfaction). Let I = (S, AI ,→I , API ,
VI , s0) be a transition system and A = (Q, A, L,→, AP, V,
q0) be an ASA with AP ⊆ API and A ⊆ AI . R ⊆ S × Q
is a satisfaction relation iff, whenever sR q, we have

1. VI(s) ∩ AP ∈ V (q), and

2. there exists a set T ∈ L(q) such that

(a) for all a ∈ T , there exists q′ ∈ Q and s′ ∈
S such that (s, a, s′) ∈→I , (q, a, q′) ∈→ and
s′ R q′,

(b) for all a ∈ A and s′ ∈ S such that (s, a, s′) ∈→I ,
we have a ∈ T and there exists q′ ∈ Q such that
(q, a, q′) ∈→ and s′ R q′, and

(c) for all a /∈ A and s′ ∈ S such that (s, a, s′) ∈→I ,
we have s′ R q.

We say that I satisfies A, written I |= A iff there exists a
satisfaction relation R such that s0 R q0. The set of TSs
that satisfy A is denoted [[A]]. It has been shown that de-
terministic APAs are more expressive than deterministic
MTSs. Latter, we shall see that this property does not
hold for the non-deterministic case. We now define deter-
ministic ASAs.

Definition 7 (Determinism). Let A = (Q, A, L,→, AP,
V, q0) be an ASA. A is deterministic iff. for all q ∈ Q and
a ∈ A, we have |{q′ ∈ Q | (q, a, q′) ∈→}| ≤ 1.

We now show that the greatest lower bound of two
possibly non-deterministic APAs always exists. For doing
so, we propose the following syntactical operation, which
can be computed in polynomial time.

Definition 8 (Conjunction). Let A1 = (Q1, A1, L1,
→1, AP1, V1, q

1
0
) and A2 = (Q2, A2, L2,→2, AP2, V2, q

2
0
)

be two ASA. Let the conjunction of A1 and A2 be the
ASA A = A1 ∧ A2 = (Q1 × Q2, A1 ∪ A2, L,→, AP1 ∪
AP2, V, (q1

0
, q2

0
)) with

• L((q1, q2)) = {T ⊆ A1 ∪ A2 | T ∩ A1 ∈ L1(q1) and
T ∩ A2 ∈ L2(q2)},

• ((q1, q2), a, (q′
1
, q′

2
)) ∈→ iff

(a ∈ A1 ∩ A2) ∧ ((q1, a, q′
1
) ∈→1) ∧ ((q2, a, q′

2
) ∈→2)

or (a ∈ A1 \ A2) ∧ ((q1, a, q′1) ∈→1) ∧ (q2 = q′2)

or (a ∈ A2 \ A1) ∧ (q1 = q′
1
) ∧ ((q2, a, q′

2
) ∈→2),

• V ((q1, q2)) = {B ⊆ AP1 ∪ AP2 | B ∩ AP1 ∈ V1(q1)
and B ∩ AP2 ∈ V2(q2)}.

We now show that the conjunction of two ASAs corre-
sponds to their greatest lower bound.

Theorem 2. If A1 and A2 are two ASA, and I is a TS,
we have that I |= A1 ∧A2 iff I |= A1 and I |= A2.

Proof. Let A1 = (Q1, A1, L1,→1, AP1, V1, q
1
0
) and A2 =

(Q2, A2, L2,→2, AP2, V2, q
2
0
) be two ASA. Let I = (S, AI ,

→I , API , VI , s0) be a transition system. Let A = A1 ∧
A2 = (Q1 ×Q2, A1 ∪A2, L,→, AP1 ∪AP2, V, (q1

0
, q2

0
)). We

prove the two directions of the theorem.

⇒: Suppose that I |= A with a satisfaction relation R ⊆
S × (Q1 × Q2). We prove that I |= A1. Let R1 ⊆ S ×
Q1 such that sR1 q1 iff there exists q2 ∈ Q2 such that
sR(q1, q2). We show that R1 is a satisfaction relation.
Let s ∈ S, q1 ∈ Q1 and q2 ∈ Q2 such that sR1 q1 and
qR(q1, q2).

1. By R, we have VI(s) ∩ (AP1 ∪ AP2) ∈ V ((q1, q2)).
By definition of V , there exists B ⊆ AP1 ∪AP2 such
that VI(s)∩(AP1∪AP2) = B and B∩AP1 ∈ V1(q1).
As a consequence, VI(s) ∩ AP1 ∈ V1(q1).

2. By R, there exists T ∈ L((q1, q2)) such that

(a) for all a ∈ T , there exists (q′
1
, q′

2
) ∈ Q1×Q2 and

s′ ∈ S such that (s, a, s′) ∈→I and s′ R(q′1, q
′

2),
(b) for all a ∈ A1 ∪ A2 and s′ ∈ S such that

(s, a, s′) ∈→I , we have a ∈ T and there ex-
ists (q′

1
, q′

2
) ∈ Q1 × Q2 such that ((q1, q2), a,

(q′
1
, q′

2
)) ∈→ and s′ R(q′

1
, q′

2
), and

(c) for all a /∈ A1 ∪ A2 and s′ ∈ S such that
(s, a, s′) ∈→I , we have s′ R(q1, q2).

By definition of L, we have that T1 = T ∩ A1 ∈
L1(Q1). Moreover,

(a) Let a ∈ T1 ⊆ T . By def of T , there exists
(q′1, q

′

2) ∈ Q1 × Q2 and s′ ∈ S such that
(s, a, s′) ∈→I and s′ R(q′

1
, q′

2
). Consequently,

by definition of R1, we have (s, a, s′) ∈→I and
s′ R1 q′1.

(b) Let a ∈ A1 and s′ ∈ S such that (s, a, s′) ∈→I .
By definition of T , we have a ∈ T , thus a ∈
T1 = T ∩A1, and there exists (q′

1
, q′

2
) ∈ Q1×Q2

such that ((q1, q2), a, (q′
1
, q′

2
)) ∈→ and

s′ R(q′1, q
′

2). Either a ∈ A1 ∩A2 or a ∈ A1 \A2.
By definition of →, we have that (q1, a, q′

1
) ∈→1.

Moreover, by definition of R1, we have s′ R1 q′
1
.
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(c) Finally, let a /∈ A1.

• If a ∈ A2, then there exists q′
2
∈ Q2 such

that ((q1, q2), a, (q1, q
′

2)) ∈→ and
s′ R(q1, q

′

2
). As a consequence, s′ R1 q1.

• Else, a /∈ A1∪A2, thus we have s′ R(q1, q2),
and consequently s′ R1 q1.

Finally, R1 is a satisfaction relation. Moreover, we have
by hypothesis that s0 R1 q1

0
. As a consequence, we have

I |= A1.

One can use a symetric proof to establish that I |= A2.

⇐: Suppose now that I |= A1 and I |= A2, with satis-
faction relations R1 and R2 respectively. We show that
I |= A. Let R ⊆ S × Q1 × Q2 be the relation such that
sR(q1, q2) iff sR1 Q1 and sR2 Q2. We now establish that
R is a satisfaction relation.
Let s ∈ S, q1 ∈ Q1 and q2 ∈ Q2 such that sR(q1, q2). By
definition of R1 and R2, we have AP1 ⊆ AP and AP2 ⊆
AP . Thus AP1∪AP2 ⊆ AP . Similarly, we have A1∪A2 ⊆
A.

1. By R1 and R2, we have VI(s) ∩ AP1 ∈ V1(q1) and
VI(s) ∩ AP2 ∈ V2(q2). Since, by definition,
V ((q1, q2)) = {B ⊆ AP1 ∪ AP2 | B ∩ AP1 ∈ V1(q1)
and B∩AP2 ∈ V2(q2)}, we have VI(s)∩(AP1∪AP2) ∈
V ((q1, q2)).

2. By R1 and R2, there exist T1 ∈ L1(q1) and T2 ∈
L2(q2) satisfying axiom 2. of satisfaction relations.
By definition of T1 and T2, we know that {a ∈ A1 |
(s, a, s′) ∈→I} = T1 and {a ∈ A2 | (s, a, s′) ∈→I} =
T2. Thus, T1 and T2 agree on A1 ∩ A2, and there
exists a unique T ⊆ A1 ∪ A2 such that T ∩ A1 = T1

and T ∩ A2 = T2. By construction, T = A1 ∪ A2.

(a) Let a ∈ T . If a ∈ A1, there exists q′
1

and s′ such
that (s, a, s′) ∈→I , (q1, a, q′

1
) ∈→1 and s′ R q′

1
.

If a /∈ A2, then by R2, we have s′ R q2, and by
definition of →, we have ((q1, q2), a, (q′

1
, q2)) ∈→.

Thus we have ((q1, q2), a, (q′1, q2)) ∈→ and
s′ R(q′

1
, q2). Else, we have a ∈ A2. Since

(s, a, s′) ∈→I , there exists q′
2
∈ Q2 such that

(q2, a, q′2) ∈→2 and s′ R2 q′2. Moreover, by def-
inition of →, we have ((q1, q2), a, (q′

1
, q′

2
)) ∈→.

Thus we have ((q1, q2), a, (q′
1
, q′

2
)) ∈→ and

s′ R(q′1, q
′

2).
Similarly, if a ∈ A2, there will also exist s′, q′

1

and q′2 such that (s, a, s′) ∈→I , ((q1, q2), a,
(q′

1
, q′

2
)) ∈→ and s′ R(q′

1
, q′

2
).

(b) Let a ∈ A1 ∪ A2 and s′ ∈ S such that
(s, a, s′) ∈→I . If a ∈ A1 ∩ A2, we have that
a ∈ T1 ∩ T2 ⊆ T and there exist q′

1
and q′

2
such

that (q1, a, q′
1
) ∈→1, (q2, a, q′

2
) ∈→2, s′ R1 q′

1

and s′ R2 q′2. Thus, by definition of →, we have
((q1, q2), a, (q′

1
, q′

2
)) ∈→. Moreover, by defini-

tion of R we have s′ R(q′1, q
′

2). Else, if a ∈ A1 \
A2, we have a ∈ T1 ⊆ T and there exists q′

1
∈

1

{{α}}

2

{{β}}

4

{{γ}}

3

{{δ}}

a aa

Figure 3: A MTS M for which there is no ASA with the
same set of implementations

Q1 such that (q1, a, q′1) ∈→1 and s′ R1 q′1. By
definition of →, we have ((q1, q2), a, (q′

1
, q2)) ∈→.

Moreover, by R2, we have s′ R2 q2. As a con-
sequence, s′ R(q′1, q2). Similarly, if a ∈ A2 \A1,
we have a ∈ T and there exists q′

2
∈ Q2 such

that ((q1, q2), a, (q1, q
′

2
)) ∈→ and s′ R(q1, q

′

2
).

(c) Let a /∈ A1 ∪ A2 and s′ ∈ S such that
(s, a, s′) ∈→I . By R1 and R2, we have that
s′ R1 q1 and s′ R2 q2. Thus s′ R(q1, q2).

Thus R is a satisfaction relation. Moreover, we have
by hypothesis that s0 R1 q1

0
and s0 R2 q2

0
, thus s0 R(q1

0
, q2

0
),

and I |= A.

�

Discussion. It is known that deterministic MTSs corre-
spond to a subclass of ASA, that are deterministic ASA
with convex acceptance sets [7]. However, the same rela-
tion does not hold for non-deterministic MTS. Consider
the MTS M that is given in Figure 3. One can see that
there exists no ASA A such that [[M ]] = [[A]]. Indeed, the
acceptance set corresponding to State 1 of M would not
be able to express the distinction between the different
outgoing a transitions. As a consequence, it would not be
possible to express the fact that the transitions 1

a
→ 2 and

1
a
→ 3 must always appear, but that the transition 1

a
→ 4

may not be present.
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