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Abstract

Broadcasting (resp. gossiping) refers to the task whereby a node (resp. every node)
in a network, knowing a piece of information, must transmit it to all the other
nodes. We consider here a generalized form of broadcasting and gossiping, that we
call respectively k-neighborhood broadcasting and k-neighborhood gossiping (k-NB
and k-NG, for short). It consists in the following : a node u (resp. every node u)
in the network has to send its information to all the nodes which are at distance
less than or equal to k from u. We study k-NB and k-NG in paths, trees, cycles, 2-
dimensional grids and 2-dimensional tori under the store-and-forward, 1-port, unit
cost model. For most of these families, we give the optimal k-NB (resp. k-NG)
time ; if not, the optimal k-NB (resp. k-NG) time is given within an additive (resp.
multiplicative) constant never exceeding 2.

1 Introduction and Generalities

We model a network by a graph, where the vertices and the edges repre-
sent respectively the processors and the communication links of the network.
In such networks, broadcasting (resp. gossiping) consists, for a source node
(resp. for every node) in the network, in sending its information to all the
other nodes. We consider a generalized version of this problem, that we call
k-neighborhood broadcasting, or k-NB (resp. k-neighborhood gossiping, or k-
NG) ; here, broadcasting (resp. gossiping) must be realized at distance & in the
graph G, 1 < k < D(G), where D(G) denotes the diameter of G. The model
we use here is store-and-forward (messages go to their destination by tran-
siting in the intermediate nodes ; that is, communications always take place
between neighbors), full-dupler (when two nodes communicate, they can ex-
change informations in both directions), I-port (at each given time, a node
can communicate with at most one of its neighbors) and unit cost (a commu-
nication between two neighbors takes one time unit, or round).
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When k& = D(G), then the k-NB (resp. k-NG) problem is the usual broad-
casting (resp. gossiping) problem, and a wide literature on the subject exists
(cf. for instance [8]). We note that k-NB and k-NG have also been studied
in the particular case when £ = 1 in two different families of graphs, namely
hypercubes [2,1,5] and star graphs [7].

We denote by tyg(G,u, k) the minimum time to achieve k-NB from node u
in the graph G under our model. We call the k-neighborhood broadcast time
of G, or tyg(G, k), the maximum tyg (G, u, k) over all u € V(G). Similarly,
we denote by tyg(G, k) the minimum time to achieve k-NG in G. Let also
Ny (G, u) be the number of vertices which are at distance less than or equal to
k from u (u included), and Ni(G) = maxucv(q) Ne(G, u). We then have the
following property.

Property 1 For any graph G and for any 1 < k < D(G),
tn (G, k) > tnp (G, k) > max{k, [log,y(Nk(G))1}

Proposition 1 For any graph G, let u be a vertex of G. For any 1 < k <
D(QG), let sg(u) be the number of vertices at distance exactly k from u. Then :

(G,) IfSk(U,) 2 2, tNg(G, Iﬁ) 2 tNB(G, k) 2 k +1 ;
(b) If G is bipartite and sg(u) > k + 2, tna(G, k) > tys(G k) > k + 2.

In the following, we denote by GLIH the cartesian product of graphs G' and
H.

Proposition 2 For any graphs G and H, and for any
1 <k <min{D(G),D(H), D(GOH)} :

(0,) tNB(k, GDH) S tNB(k,G) + tNB(k,
(b) tna(k, GOH) < tng(k, G) + tna(k,

2 Neighborhood Broadcasting [6]

Theorem 1 (k-NB in paths) Let P, be the path of order n. For any n and
1<k<n-—1,
tng(Po, k) =k if k> ["51], and typ(Pa, k) = k + 1 otherwise.

Here, we determine ¢yg for the family T'A p of trees with maximum degree A
and diameter D. We denote by tng(Ta,p, k) the maximum k-NB time over all
the trees T' € Ta p.



Theorem 2 (k-NB in trees)
k-(A=1)+1 f1<k<|Z]

2] (A=2)+kif [2] <k<D

tng(Ta,p, k) =

Theorem 3 (k-NB in cycles) Let C, be the cycle of order n. For anyn > 3
and1 <k < %], tng(Cn, k) = k if nis even and k = %, and tyg(Cp, k) = k+1
otherwise.

In the following, G(ni,ns) (resp. TG(ni,ns)) denotes the 2-dimensional grid
(resp. torus) with n; rows and ng columns. Due to symmetries, we will al-
ways suppose n; > ny. We also denote by D(G(ni,ns)) the diameter of the
2-dimensional grid G(nq,ny) (that is D(G(n1,n2)) = ny + ny — 2), and by
D(T'G(ny,ny)) the diameter of the 2-dimensional torus T'G(nq,ns), that is
D(TG(ni,n9)) =[] + [ %]

Exact results have been obtained for the £-NB in grids, where 1 < k£ < 3.
Due to the lack of space, we do not detail them here. For k£ > 4, we have the
following proposition.

Proposition 3 (k-NB in grids) For any integers ny and ny with ny > ny >
2 and ny +ny > 6, let eq(ni,no) = 1 if ny = ny and 0 otherwise. Let also
t, = [Z"Q%J — 1—eq(ny, ny). We have :

k+2if4a<k<t

k+1ifti+1<k<D(G(n,ng)) —1
(b) tn(G(n1,n2), k) =k if k= D(G(n1,n2))

(a) k+3>tng(G(ni,ng), k) > {

Proposition 4 (k-NB in tori) For any integers nq and ny with ny > ny >
3, we have :

(a) tng(TG(ny1,n2),1) =3 ;
(b) k+1<tyg(TG(n1,n2),k) <k+3 forany2 <k < D(TG(ny,ns)) — 1 ;

(C) tNB(TG(TLl, ’I’LQ), k) =
k + 1 otherwise

for any k = D(TG(n1,n2)).

k if n1 and ny are even

However, it is sometimes possible to improve the lower bound in Proposi-
tion 4(b).

Proposition 5 For any integers ny > no > 4 where ny and ny are both even,
let ty = [%%’”_QJ In that case, we have tyg(TG(n1,n2),k) > k + 2 in the
following cases :



(a) ng >4ny —2 and k < 2ny — 2 ;
(b) ny =4n, —4 and k < 2ny — 3 ;
(c) n1 <4ng — 6 and k < t,.

3 Neighborhood Gossiping

Theorem 4 (k-NG in paths) Let P, be the path of order n. For any n and
1<k<n-—1,tng(Pyk) =k if k =n—1is odd, and tng(Pa, k) = k + 1
otherwise.

As in the previous section, Th p denotes the family of trees with maximum
degree A and diameter D ; tng(Ta p,k) denotes the maximum k-NG time
over all the trees T' € Ta p.

Theorem 5 (k-NG in trees) For any fized A, D and k :

(a) tna(Tap, k) =k-(A-1)+1if1<k< L%J :
(0) |51(A=2) +k < tna(Tap, k) < k- (A—1)+1 otherwise.

Theorem 6 (k-NG in cycles) Let C, be the cycle of order n. For anyn > 3
and 1 <k < |3,
k if nis even and k = 5
tng(Cns k) = ¢ k41 if n is even and k # 2
k + 2 otherwise
Proposition 6 (k-NG in grids (lower bounds)) For any integers n; and

ny with ny > ny > 2, let eq(ny,ng) = 1 if ny = ny and 0 otherwise. Let also
b= [QM%J —1—eq(n1,n2). We have :

k+2ifa<k<t
tna(G(n1,m2),k) > S k+14ft, +1 <k < D(G(ni,ng)) — 1

Since G(n1,ns) is the cartesian product of P,, by P,,, we can derive upper
bounds for the k-NG time in G(nq,ns), by combining the results of Theorem 1
and Proposition 2.

Proposition 7 (k-NG in grids (upper bounds)) For any ny > ny and



'2/€ ifni=ng =k+1 1is even

2k +1ifny =k +1 is even and ny # ny
tNG(G(nlanQ)ak) S {

or if no =k + 1 is even and ny # no

{ 2k + 2 otherwise

Proposition 8 (k-NG in tori (lower bounds)) For any evenn; and even
ng with ny > ng >4, and any 1 < k < D(TG(n1,ns)), we have :

k + 2 if ny and ny satisfy the conditions of Prop. 5
tna(TG(ni,n2), k) > k+1 if k # D(TG(ny,ns))

TG(ny,ne) is the cartesian product of C,, by C,,, hence we can derive up-
per bounds for the £-NG time in TG(ni,ny), by combining the results of
Theorem 6 and Proposition 2. Indeed, we can show an upper bound for
tna(T'G(ny,n2), k) lying between 2k and 2k + 4, depending on the respective
values of ni, ny and k. We also have determined a general £-NG algorithm in
TG(nq,n2) when n; and ny are both even, that runs in 2k + 1 rounds. Hence
the following proposition.

Proposition 9 For any even ny and even ny such that ny > ny > 4, and for
any 1 <k < D(TG(ny1,n2)), tna(TG(ny,ng), k) < 2k + 1.

For small k, it appears that the upper bound of Proposition 9 above is optimal.

Corollary 1 For any even ny and even ng, tng(TG(n1,n2),1) = 3 and
tng(TG(n1,n2),2) =5 if min{n;, ny} > 6.
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