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1 Introduction

Communication networks are more and more used to realize communications between
groups of users. Among the applications, one can think of video-conferencing, distributed
data bases, or parallel computing. Different types of communications can appear in these
networks, such as one-to-all (broadcast), one-to-many (multicast), or all-to-all (gossip) com-
munications. In the latter, each node of a communication network has a piece of information
that must be acquired by all the other nodes. Information is communicated between pairs
of nodes using two-way communications along the links of the network. Here, we assume a
store-and-forward, 1-port, full-duplex model in which each communication involves two nodes
and the single communication link that connects them, each node communicates with at most
one other node at any given time, and information can flow simultaneously in both directions
along a link. Each node starts with a message of length 1, and messages can be concatenated
and sent as a single communication.

Gossiping has been widely studied in the unit cost model, where a communication takes a
fixed amount of time, independent of the number of messages transmitted. We assume in this
paper a more realistic model : the linear cost model, in which the time to send a message is
proportional to the amount of information exchanged. More precisely, the time to exchange a
message of length L is 8+ L7, where [ is the start-up time to initiate a call between a pair of
nodes and 7 is the propagation time of a message of length 1 along a link (in other words, % is
the bandwidth of the network). If the two nodes involved in a call send messages of different
lengths, then the time for both nodes to complete the call is determined by the length of the
longer message.

Moreover, a linear cost model can be either synchronous or asynchronous. In the syn-
chronous linear cost model, a gossip algorithm consists of a sequence of rounds of simultane-
ous pairwise communications. All calls in a round start at the same time. Calls in a round
may end at different times, depending on the lengths of the messages, but no node can start
a new call until all nodes are ready to start new calls. In the asynchronous linear cost model,
a call can start as soon as both nodes are ready to communicate. Thus, a pair of nodes can
start communicating while calls between other pairs are in progress.

In the fully-connected network with n nodes (which can be modelled by the complete



graph K,), we denote by gg,(n) the minimum time needed to achieve gossiping. Clearly,
93,-(n) depends on B, 7 and n. For a fixed n, it is then possible to reduce gs ,(n), depend-
ing on the relative values of 8 and 7 (which themselves depend on the network). Indeed, if
B >> 7, then it is interesting to reduce the number of rounds of the gossip algorithm (that is,
the factor associated to [3). Conversely, when 7 >> 3, it is better to reduce the factor asso-
ciated to 7. When we are in an intermediate situation, a deeper study needs to be undertaken.

In the following, we call step a message of length 1. If two nodes u and v exchange
respectively L, and L, pieces of information during a call, then this communication will take
a time t,, = B + max{Ly, L,}7. Let L = max{L,,L,}. Hence the number of steps of the
call between u and v refers to L.

Moreover, in the synchronous case, for a given round r of the algorithm, the number of
steps of r, sy, is the maximum of all the number of steps of the calls which take place during
round r. In other words, s, = max{L,, u communicating during round r}. Hence, in the syn-
chronous case, the time necessary to achieve a round r is equal to 8+ s,7. Finally, the number
of steps of a gossip algorithm with R, rounds, S,, is defined as follows : S, = ngl Sp-

In the asynchronous case, we only define the number of steps of a gossip algorithm : if
an asynchronous algorithm takes a time equal to R, + S,7, then S,, denotes the number of
steps of such an algorithm.

In the following, we will always consider that we are given the fully-connected network
with n nodes (i.e., the complete graph K,). When n is even, Fraigniaud and Peters [FP94]
have proved the following : g ,(n) = [logs(n)]8 + (n —1)7 for any § > 0 and 7 > 0. We see
that the factors associated to both 8 and 7 are minimized here. Moreover, they have given
a synchronous optimal-time algorithm in that case ; in other words, asynchronicity does not
help in the case n even.

When n is odd, Knédel [Kno75] showed that gossiping in the unit cost model requires
[logo(n)| + 1 rounds. This lower bound on the number of rounds is also valid for the lin-
ear cost model in both the synchronous and asynchronous cases. It is also immediate that
a gossip algorithm takes at least n steps because each node needs to acquire n — 1 pieces
of information, and at least one node is idle at any given time. This gives a lower bound
of max{([logy(n)] + 1)B,n7}. Peters, Raabe, and Xu [PRX96] proved a lower bound of
([loge(n)]+1)B+n for odd n for both the synchronous and asynchronous cases. The bound
is achievable in the asynchronous case for some odd values of n, but for n = 2¥ — 1, every gos-
sip algorithm requires time strictly greater than ([log,(n)] + 1)8 + n7 (cf. [PRX96, FP98b]).
They proved stronger lower bounds for the synchronous case by fixing the number of rounds
to be [logy(n)] + 1 and then focussing on the required number of steps. They also conjec-
tured that these lower bounds are achievable for all odd n, which has been proved to be true
in [FP98b].

Here, we study, as suggested in [FP94, FP98b] the possible trade-offs between the number
of rounds R, and the number of steps S, for a (synchronous or asynchronous) gossip algo-
rithm in a nm-node network, n being odd. As said before, depending on the relative values
of 3 and 7, these trade-offs are of interest in order to reduce the value of gz r(n). We then
study, for any integer r > 0, the function S, (r) corresponding to the number of steps which
are necessary for a gossip algorithm (in a n-node network) with R,,;, + 7 rounds, where
Runin = [logy(n)] + 1. We study such a function in both the synchronous and asynchronous



models.

Similarly, we study, for any integer s > 0, the function R,(s), corresponding to the op-
timal number of rounds necessary for a gossip algorithm (in a n-node network) which takes
exactly Spin + s steps, where S,,;, = n. We study such a function in the synchronous model
only.

2 Synchronous Model

2.1 Relaxing the condition on R,

We discuss the value of S, (7), the optimal number of steps of a gossip algorithm among
n nodes taking R, = Ry, + 1 rounds, where R, = [logy(n)] 4+ 1. We give lower and upper
bounds for S,(r), and prove that these bounds are tight in several cases (cf. Table 1). One
of the main results is the following Theorem, which gives a general lower bound for S,,(r).

Theorem 1 For any odd n with [logy(n)] =k, let R, =k + 1+ r for any arbitrary r. For
any o > 2, let p and q be such that n —2¥=*tl = (a+r—1)-p+q, with0 < g< a+r—2).
Then :

e If g =0, for all n>2¥%. (a + 7+ 1), we have Sp(r) > 2k~ 4 (a4+7)-p—1;

e Ifq#0, foralln>22.(a+r+1)— ((a+7r—1) —q), we have Sy(r) > 2k—o+1 4
(a+71)-p+gq.

Sketch of Proof: The idea here is to give a sequence o of k + 1 + 7 sets of steps s; (1 <14 <
k+1+r), each |s;| being to the number of steps used in round 7. A necessary condition for o
to be valid for gossiping is the Basic Premise defined below. The Step Decreasing Property,

also described below, implies that Zfi{ *1s;| is a lower bound for Sy, ().

e The Basic Premise : for any round 1 <17 < k+r+ 1, the sum of the number of steps in
all the other rounds (that is, excluding round ) must be at least equal to n — 1. This
comes from the fact that since n is odd, there is at least one idle vertex in round i. Hence

we must have, for any sequence o, and for any 1 <i<k+r+1, Zfillj;z |sj| >n—1.

e The Step Decreasing Property : for any round 1 < i < k + r+ 1, any decrease of 1 step
in s; implies an increase of at least one step in one or several s;, with j # 4.

Hence, if the Basic Premise and the Step Decreasing Property hold for the sequences o
we give below, then Sy, (r) > SIFH+ g,

In that case, we decide to choose a sequence o which is as follows : during a certain
number of rounds (precisely, during the first £ — a4+ 1 rounds), we use the maximum number
of steps, that is 28! steps for each round 1 < i < k — o+ 1. Then, each of the the remaining
a+ r rounds will contain approximately the same number of steps. More precisely, we choose
an integer o > 2, and define p and g to be such that n — 282! = (o 47 — 1) - p + g (with
0<g<a+r—1). Thatis, p= L";ﬁijfl = "711:::1
q, we have :

—4. Now, depending on the value of

e ¢ =0. In that case, we consider the sequence : 124...257% ppp...p
—_—
k—a+1 Rounds o4r Rounds



e g # 0. In that case, we consider the sequence :

q+1 Rounds
pp+1)(p+1)...(p+1)

a—+r Rounds

124...252 pp. .
N——
k—a+1 Rounds

In each of the cases, the Basic Premise and Step Decreasing Property both hold for the

values of n we consider.

Theorem.

Hence, the results given above for ¢ = 0 and ¢ # 0 prove the

a

A summary of the results in the synchronous case is given in Table 1 below. In each row,
for the values of r and n which are given respectively in the first and second column, we give
the known lower and upper bound on S, (r). We assume in these tables that k = [logy(n)].

Sn(r) - Synchronous case

H s H n H Lower Bound ‘ Upper Bound H Optimality H
0 V n in the
Bottom Half | n+ |_”_22k_zj n+ L#J Yes [FP98b]
0 V¥ n in the
Top Half 2n —2k=1 —1 | 2n—2F"1 —1 | Yes [FP98D]
1 V n in the Formulae of 5-[%] +4
Bottom Half Theorem 1
1 V n in the Formulae of 5-[%]1+5
Top Half Theorem 1
1 n=2F_1 5.282 2 5.2F2 2 Yes
S Vn Formulae of
Theorem 1
[n—(k+1) | Vn | n \ n | Yes |

Table 1: Summary of the results for Sy(r)

2.2 Relaxing the condition on S,

Here, we study the function R,,(s) (for any positive integer s), corresponding to the optimal
number of rounds for a gossip algorithm in a n-node network which uses S;, = Sy, + S steps,
where Sp,in, = n. We give lower and upper bounds for R,,(s), which turn out to be tight in
several cases (cf. Table 2). The main result is given in Theorem 2 below.

Theorem 2 For any s > 1, let p = |logy(s +1)] and m = n + s — 2P+ + 1. Then we have

Proof : The Basic Premise must hold for any chosen steps sequence. Here, we are going
to give the “best” steps sequence in order to minimize the number of rounds, such that this

steps sequence o satisfies the Basic Premise.

R, (s)

First, for any steps sequence with Ry (s) rounds, we must have } ;™ 7. [s;| > n —1 for



any 1 < 5 < R,(s). Since we suppose S, = n + s = ngl(s) |sj|, we conclude that for
any 1 < j < Ry,(s), |sj| < s+ 1. Hence we will choose a steps sequence o with a maximum
number of s; such that |s;| = s+1. However, we know that for any 1 < j < R,,(0), |s;| < 2771
(because the number of informed vertices can at most double at each round). Hence, the first
p+ 1 steps in o will be 1 2 4...2°, where p is such that 2?7 < s+ 1 < 2P*L that is
p = llogy(s+1).

Then, we have to make sure that Zf:"l(s) |sj| = n+ s. Indeed, we need the following
sequence 0 : 124...2° g (s+1) (s+1)...(s+ 1), where z is the rest of the division
between m = n + s — (2Pt — 1) and s + 1, that is 0 < z < s + 1. However, if z = 0, then we
can save one round by not including it in o. In both cases (that is x = 0 as well as z > 0),
we see that o is the shortest sequence, in terms of rounds, that we could get. Now let us
distinguish the two cases :

e z = 0. In that case, this means that the smallest number of rounds we could get, say
R, satisfies : 271 — 1+ (R'— (p+1)) - (s +1) = n+ s. From this, since R, (s) > R/,
we conclude Ry, (s) > (p+1) + 5.

e 7 > 0. In that case, R’ satisfies : 22! — 1+ 2 + (R — (p+2)) - (s + 1) = n+ s. Since
Rn(s) > R', we conclude R,(s) > (p+1) + [55 ]

Collectively, the two cases £ = 0 and = > 0 imply the result. O

A summary of the results in the synchronous case is given in Table 2 below. As for Table 1,
we assume here that k = [logy(n)].

| R, (8) - Synchronous case |

H s H n H Lower Bound ‘ Upper Bound H Optimality H
0 Vn n n Yes
1 Vn ”TH
S Vn p+1+ [%ﬁ““}
where p = |logs(s + 1) ]
(Theorem 2)
2F=2 1 n=2F_1 k+2 k+2 Yes
V n in the
L#J Bottom Half E+1 E+1 Yes
V n in the
n—2k1_1 Top Half k+1 kE+1 Yes

Table 2: Summary of the results for R, (s)

3 Asynchronous Case

In the asynchronous case, only the function R, (s) has been studied. The results we have
obtained are gathered in Property 1 below.



2k —1 forallm=2F—1 withk>2 ;
Property 1 R,(0) < { 2k—2 foralln=3-25"2_—1 withk >3 ;
2k —3 foralln=>5-2F3 1 with k > 4.

4 Conclusion

This is the first attempt to understand the trade-offs between the number of steps and
the number of rounds for a gossip algorithm among n nodes, n being odd, in the linear cost
model. Several quantitative results can be derived from this study ; in particular, it is possible
to compare the asynchronous model to the synchronous one. Indeed, thanks to our results,
we can show that when S,, = Sy, = n, an asynchronous gossip algorithm is asymptotically
at least % faster, in terms of rounds, than a synchronous one.
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