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LaBRI, Université Bordeaux 1, France

Abstract

We present a new category of graphs, recursive clique-trees K
�
q � t � (with

q � 2 and t � 0), which have small-world and scale-free properties and al-
low a fine tuning of the clustering and the power-law exponent of their dis-
crete degree distribution. This family of graphs is a generalization of recent
constructions with fixed degree distributions. We first compute the relevant
characteristics of those graphs: diameter, clustering and power law exponent.
Then we propose a labeling of the vertices of K

�
q � t � , for any q � 2 and t � 0,

that allows to determine a shortest path routing between any two vertices of
K
�
q � t � , only based on the above mentioned labels.
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1 Introduction

The World Wide Web, transportation and communication networks, biological or
social networks, and many other real life networks have in common three charac-
teristics : (i) a strong local clustering (the neighbors of a given vertex are them-
selves highly connected to each other), (ii) a small diameter and (iii) a distribution�
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of degrees according to a power law (see for example [1, 2, 3, 12, 15]). Networks
that satisfy conditions (i) and (ii) are said to be small-world, while they are scale-
free if they satisfy condition (iii). In the recent past, there have been many attempts
to give a general model for such networks, see for instance [19, 4].

While most of the work for these graphs is based on stochastic techniques
and computer simulations [17, 19], this approach has shown to be quite limited in
the sense that it does not always allow to compute the main network parameters ;
moreover, the communication aspects of those stochastic networks are difficult to
be considered. On the other hand, the use of simple deterministic models, with the
help of standard graph theory concepts, allows a quick and exact determination
of the relevant parameters of the graph, that may be compared with experimental
data from real and simulated networks. Besides, much information can be de-
rived from deterministic networks in terms of communication. Previous work in
this context considered deterministic small-world graphs [10] comparable to those
obtained stochastically by Watts and Strogatz, vertex replacement and vertex ad-
dition methods to produce small-world and scale-free graphs from a low diameter
“backbone” graph [11], specific recursive scale-free constructions with fixed de-
gree distributions [6, 13, 18] and scale-free trees (without clustering) [16].

We have recently introduced a recursive graph construction [9], (which we
call recursive clique-trees) that provides scale-free small-world graphs with an
adjustable diameter and clustering and such that the parameter of the power law
associated to the degree distribution, γ, takes values between 2 and 1 � ln3

ln2 �
2 � 58496 (it has been shown that the values for the scaling exponent of most real
networks [5] are precisely in this range). Those networks are in fact a gener-
alization of [14, 13], in which the diameter, the clustering and the parameter γ
associated to the power law distribution were fixed.

In this paper, we describe the construction of recursive clique-trees, and to
make this paper self-contained we recall results from [9], that is the main char-
acteristics of this family of graphs, in terms of its relevant parameters (diameter,
clustering, power law exponent). We then continue the study of these graphs by
giving a labeling of the vertices of recursive clique-trees, that is optimal in length
and allows to determine a shortest path between any two vertices, only based on
the above mentioned labels, providing in this way a new deterministic model for
many real life networks.

2 Recursive Clique-Trees: Definition and Properties

Definition 2.1 The recursive clique-tree K 	 q 
 t � (t � 0, q � 2) is the graph con-
structed as follows: For t � 0, K 	 q 
 0 � is the complete graph Kq (or q-clique). For
t � 1, K 	 q 
 t � is obtained from K 	 q 
 t 
 1 � by (i) adding for each of its existing sub-
graphs isomorphic to a q-clique a new vertex and (ii) joining it to all the vertices
of this subgraph.
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Then, at t � 1, K 	 q 
 1 � results in the complete graph with q � 1 vertices, Kq � 1,
and at t � 2 we add q � 1 new vertices, each of them connected to all the vertices
of one of the q-cliques Kq (subgraphs of Kq � 1), and so on (see Fig. 1 for the case
q � 3).

This construction produces a complex growing graph with a tunable parameter
q which controls all its relevant characteristics. In the particular case q � 2, we
obtain the same graph as in [13]. However our family is infinite as q can take any
natural value starting from 2.

Notice that although we call the graph a recursive clique-tree, the graph con-
tains numerous cycles and hence is not a tree in the strict sense. Recursive clique-
trees K 	 q 
 t � are a natural generalization of trees (if one considers the case q � 1,
then we obtain binomial trees). Similar and much more general constructions in
which new vertices are joined to every vertex of a given q-clique have been con-
sidered, in another context, in [7] and termed k-trees.

t = 2

t = 0

t = 1

Figure 1: First stages of a growing recursive clique-tree K 	 3 
 t � .

2.1 Recursive construction

There exists another interesting way to construct K 	 q 
 t � , which clearly shows the
recursive structure of such graphs. We call native clique of K 	 q 
 t � its initial q-
clique at t � 0. For any step t � 1, K 	 q 
 t � is constructed as follows: consider a	 q � 1 � -clique, then every subgraph of it isomorphic to a q-clique (there are q � 1
such cliques) is a native clique of a K 	 q 
 t 
 1 � ; see figure 2.

2.2 Size and order

Table 1 gives the number of new edges added to the tree at each step and the total
number of Kq at this step.

Therefore we can easily compute the total number of edges at step t:

�
Et
� � q 	 q 
 1 �

2
� q

t � 1

∑
i � 0

	 q � 1 � i � q 	 q 
 1 �
2

��	 q � 1 � t 
 1
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Figure 2: Recursive construction of K 	 2 
 t � . We glue a native clique of a K 	 2 
 t 
 1 �
on each 2-clique of K3 to construct K 	 2 
 t � . In this figure we obtain K 	 2 
 3 � from
3 copies of K 	 2 
 2 � .

Step New edges Number of Kq

0 q � q � 1 �
2 1

1 q q � 1
2 q 	 q � 1 � q 	 q � 1 ����	 q � 1 � � 	 q � 1 � 2
3 q 	 q � 1 � 2 q 	 q � 1 � 2 ��	 q � 1 � 2 � 	 q � 1 � 3����� ����� �����
i q 	 q � 1 � i � 1 	 q � 1 � i

i � 1 q 	 q � 1 � i q 	 q � 1 � i ��	 q � 1 � i � 	 q � 1 � i � 1����� ����� �����
Table 1: Number of new edges and of q-cliques in K 	 q 
 t � .

The distribution of vertices and degrees is given in Table 2. Adding up the
number of vertices gives the value of Nt , the number of vertices of K 	 q 
 t � at step
t:

Nt �
t

∑
j � 1

	 q � 1 � j ��	 q � 1 � � 	 q � 1 � t 
 1
q

� q

From Table 2 we also see that the maximum degree at step i is ∆i � q � qi

1 � q � q �
qi � 1
q � 1 � q 
 1 and we can compute the average degree for a clique-tree K 	 q 
 t � : kt �
2
�
Et
� �

Nt � q 	 q2 � q � 2 � q � 1 � t � 2 �� q � 1 � t � 1 � q2 (for q � 2, it is
4

1 � 31 � t ; more generally, kt � 2q

when t gets large).

2.3 Degree distribution

Here, we recall that K 	 q 
 t � is a scale-free network, that is the number of vertices
of a given degree k, N 	 k ��
 t � , is of the form k1 � γ, where γ is a constant. More
precisely, γ ranges in � 2;2 � 58496 � depending on the value of q.
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Step Number of vertices Degree
1 q � 1 q
2 q � 1 2q

q � 1 q
3 q � 1 q2 � 2q

q � 1 2q	 q � 1 � 2 q
4 q � 1 q3 � q2 � 2q

q � 1 q2 � 2q	 q � 1 � 2 2q	 q � 1 � 3 q����� ����� �����
i q � 1 qi � 1 � qi � 2 � ����� � q2 � 2q

q � 1 qi � 2 � ����� � q2 � 2q�����
	 q � 1 � i � 2 2q	 q � 1 � i � 1 q����� ����� �����

Table 2: Distribution of degrees and vertices in K 	 q 
 t � .

Theorem 2.2 [9] The γ coefficient associated to the power law in recursive
clique-trees K 	 q 
 t � satisfies γ � 1 � ln � q � 1 �

lnq when t gets large.

Proof. Since the degree spectrum is discrete (cf. Table 2), we use a cumulative
distribution and we compute Pcum 	 k � � ∑k  "! k N 	 k ��
 t � � Nt . Here k and k � are points
of the discrete degree spectrum. For a degree k � qt � l � qt � l � 1 � ����� � q � q �
q 	 qt # l � 1

q � 1 � 1 � with l $ t 
 1, there are 	 q � 1 � l � 1 vertices with this exact degree.

Since ∑k  ! k N 	 k ��
 t � � ∑l � 1
p � 1 	 q � 1 � p �%	 q � 1 � � � q � 1 � l � 1

q � q, and Nt � � q � 1 � t � 1
q �

q, we have 	 q 	 qt # l � 1
q � 1 � 1 ��� 1 � γ �

&
q ' 1 ( l # 1

q � q&
q ' 1 ( t # 1

q � q � � q � 1 � l � 1 � q2� q � 1 � t � 1 � q2 . Therefore, for t large

	 qt � l � 1 � γ � 	 q � 1 � l � t and γ � 1 � ln � q � 1 �
lnq so that 2 ) γ ) 2 � 58496. *

2.4 Clustering distribution

Definition 2.3 The clustering coefficient Cv of a vertex v is the ratio between (i)
the total number of existing connections between the k neighbors of v and (ii)
k 	 k 
 1 � � 2, the number of all possible connections between them.
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Definition 2.4 The clustering of a graph is the average value of the clustering
coefficient over all its vertices.

We next give the clustering of a clique-tree and some insights on its computa-
tion (details can be found in [9]):

Theorem 2.5 [9] The clustering parameter of K 	 q 
 t � is Ct � St
Nt

, where

St � 2 � 	 q � 1 �+	 q 
 1 �,	 ∆t 
 q
2 �

∆t 	 ∆t 
 1 � � t � 1

∑
i � 1

2 � 	 q � 1 � t � i 	 q 
 1 �+	 ∆i 
 q
2 �

∆i 	 ∆i 
 1 �
Proof. The proof is by induction on t. We compute the clustering of a given
vertex x by keeping track of the number of neighbors, and edges among them,
which x has at any iteration step. For this we count the number of q-cliques that
contain x as each of them will be connected to a newly introduced vertex at a
given iteration step. *

We can verify that for t � 7 and for any q � 3, Ct � 3q � 2
3q � 1 . Thus the clustering

is high, and, similarly to the γ coefficient of the power law, is tunable by choosing
the right value of q: in particular, Ct ranges from 4

5 (in the case q � 2) to a limit
of 1 when q gets large.

2.5 Diameter

Computing the exact diameter of K 	 q 
 t � can be done analytically, and gives the
result shown below.

Theorem 2.6 [9] The diameter of K 	 q 
 t � , denoted Diam 	 K 	 q 
 t ��� , is the follow-
ing : Diam 	 K 	 q 
 t ��� � 2 	.- t � 2

q / � 1 �0� f 	 q 
 t � where f 	 q 
 t � � 0 if t 
1- t � 2
q / q $2 q � 1

2 3 , and 1 otherwise.

Proof. It can be easily seen that (i) Diam 	 K 	 q 
 1 ��� � 1 ; (ii) if 2 $ t $ 2 q � 1
2 3 then

Diam 	 K 	 q 
 t ��� � 2 ; and (iii) if
2 q � 1

2 3 � 1 $ t $ q, Diam 	 K 	 q 
 t ��� � 3.
Now, we note that for any step t 4 q, the diameter always lies between pair

of vertices that have just been created at this step. We will call outervertices such
vertices. Then, we note that, by construction, no two outervertices created at the
same step t can be connected. Hence, if vt is an outervertex created at step t,
then vt has been connected to a q-clique composed of vertices created at pairwise
different steps t1 ) t2 )5�����6) tq and consequently t1 $ t 
 q.
Now we want to know the maximum distance between two outervertices ut and vt .
Let us call initial 	 q � 1 � -clique the (q � 1)-clique obtained after step 1. The idea
is, starting from ut , to reach the initial 	 q � 1 � -clique by jumps from ut to ut � q,
then to ut � 2q, etc. Hence it takes at most about t

q jumps to go from ut to K 	 q 
 1 � .
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Then it takes at most as many jumps to go from K 	 q 
 1 � to vt and we conclude that
the diameter cannot be bigger than (roughly) 2t

q . *
When t gets large, then Diam 	 K 	 q 
 t ��� � 2t

q , while Nt � qt � 1, thus the diameter
clearly grows logarithmically with the number of vertices.

3 Labeling of K 7 q 8 t 9 and Routing by Shortest Paths

In this section, we describe a way to label the vertices of K 	 q 
 t � , for any q � 2 and
t � 0, such that a routing by shortest paths between any two vertices of K 	 q 
 t � can
be deduced from the labels. We note that a more general result on shortest paths
routing of graphs with given treewidth is given in [8]. However, here we address
the more specific case of recursive clique-trees K 	 q 
 t � .

In what follows, L 	 v � will denote the label of v, for any vertex v : V 	 K 	 q 
 t ��� .
3.1 Labeling Protocol

The idea here is to assign to any vertex v created at step t � 2 a label of length
t 
 1, in the form of a word of t 
 1 digits, each digit being an integer between 1
and q � 1 (the vertices obtained at step t � 0 and t � 1, i.e. the vertices of the initial
(q � 1)-clique K 	 q 
 1 � , are assigned a special label). More precisely, the labeling
of any vertex v of K 	 q 
 t � is done thanks to the following rules:

; Label the vertices of the initial (q � 1)-clique K 	 q 
 1 � arbitrarily, with labels
1 � 
 2 � �����<	 q � 1 � � .

; At any step t � 2, when a new vertex v is added and joined to all vertices of
a clique Kq:

– If v is the first vertex that is generated from the q-clique it is connected
to (we recall that v is then called an outervertex):

1. If v is connected to q vertices of the initial (q � 1)-clique, then
L 	 v � � l, where l � is the only vertex of the initial (q � 1)-clique
that does not belong to this q-clique.

2. If not, then v is connected to w1 
 w2 ����� wq, where at least one of
the wis is not a vertex of the initial (q � 1)-clique. Thus, any such
vertex has a label L 	 wi � � s1 = is2 = i ����� sk = i. W.l.o.g., let w1 be the
vertex not belonging to the initial (q � 1)-clique with the longest
label. In that case, we give to vertex v the label L 	 v � defined as
follows: L 	 v � � α � L 	 w1 � , where 1 $ α $ q � 1 is the only integer
not appearing as first digit in the labels of w1 
 w2 ����� wq, that is
α �?> 1 
 2 ����� q 
 q � 1 @ �BA q

i � 1 s1 = i (the fact that α is unique will be
proved by Property 1 below).



82 SIROCCO 10

– If v is a twin vertex (that is, v is generated from a q-clique that has al-
ready generated at least one vertex v0 in a previous step), then L 	 v � �
ββ �C�D������� βL 	 v0 � , where β is the first element of L 	 v0 � . The number of
βs in L 	 v � is determined by the fact that we want

�
L 	 v � � � t 
 1.

1’ 2’

3’
12

3

11
22

33

23 13

31

2112

32

123 213

231

321312

132

222
111

333

332

112 221

331

113
223

233 133

322

122 211

311

313

131

121212

232

323

u

w

y

x

Figure 3: How to label the vertices of K 	 2 
 4 �
Such a labeling is illustrated in Figure 3. In this figure, we label the vertices of

K 	 q 
 t � , for q � 2 and up to t � 4. We see that vertex u, created at step 1, has label
L 	 u � � 2 because it is not connected to vertex 2 � of the initial 3-clique. Vertex w
is an outervertex not connected to any vertex of the initial 3-clique: its label is
first composed of the only digit not appearing as first digit of its neighbors (in this
case, 1), concatenated with the longest label of its neighbors (in this case, 23).
Vertex x is a twin of vertex y, and is thus assigned label 113, since L 	 y � � 13 and
t � 4.

Thus, we see that for any t � 2, any vertex vt created at step t has a unique
label, and that for any vertex v created at step t � 2, L 	 v � � s1s2 ����� st � 1 is of length
t 
 1, where each digit s j satisfies 1 $ s j $ q � 1 ; while the vertices created at
step 0 and 1 have length 1 (these are the l � , 1 $ l $ q � 1).
We also note that since for any step t � 1, the number of vertices that are added to
the recursive clique-tree is equal to 	 q � 1 � t � 1, the labeling we propose is optimal
in the sense that each label L 	 vt � of a vertex created at step t is a 	 q � 1 � -ary
word of length t 
 1. Globally, any vertex of K 	 q 
 t � is assigned a label of length

O 	 logq � 1 	 t 
 1 ��� ; since there are Nt � � q � 1 � t � 1
q � q � 	 q � 1 � t � 1 	 1 � 1

q �E� q2 � 1
q

vertices in K 	 q 
 t � , we can see that, overall, the labeling is optimal as well.
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Next, we give three properties about the above labeling. Property 1 ensures
that our labeling is deterministic. Property 2 is a tool to prove Property 3, the
latter being important to show that our routing protocol is valid and of shortest
paths.

Property 1 In K 	 q 
 t � , for any (q � 1)-clique induced by vertices w1 
 w2 ����� wq � 1,
every integer 1 $ i $ q � 1 appears exactly once as the first digit of the label of a
w j.

Proof. By induction on t. When t � 1, the property is true by construction.
Suppose now that the property is true for any t �F) t, and let us then show it is true
for t. Any (q � 1)-clique in K 	 q 
 t � is composed of exactly one vertex v created
at a given step t1, and q vertices w1 
 w2 
������ wq created at steps strictly less than
t1. If t1 ) t, then the property is true by induction hypothesis. If t1 � t, then we
have two cases: (1) v is a twin vertex. In that case, by definition, the first digit of
L 	 v � is the same as the first digit of L 	 v0 � , where v0 is the outervertex created (at
a step strictly less than t) thanks to the q-clique formed by w1 
 w2 
������ wq. Since
by induction hypothesis the property is true for the (q � 1)-clique formed with
w1 
 w2 
������ wq 
 v0, it is also true for the (q � 1)-clique formed with w1 
 w2 
������ wq 
 v ;
(2) v is an outervertex. In that case, since w1 
 w2 
������ wq induce a q-clique, this
means that this q-clique did not exist at step t 
 1. In other words, one of the wis,
say w1, has been created at step t 
 1, based on q vertices w2 
 w3 ����� wq and x.
By induction hypothesis, each integer 1 $ i $ q � 1 appears exactly once as first
digit of the labels of w1 
 w2 
 w3 ����� wq 
 x. However, by construction, the first digit
of L 	 v � is the first digit of L 	 x � . Thus we conclude that each integer 1 $ i $ q � 1
also appears exactly once as first digit of the labels of w1 
 w2 
 w3 ����� wq 
 v, and the
result is proved by induction. *
Property 2 Let vt be a vertex of K 	 q 
 t � created at step t � 2. Among the vertices
w1 
 w2 
������ wq forming the q-clique that generated vt , let w1 
 w2 ����� wk, k $ q, be the
vertices that do not belong to the initial (q � 1)-clique. Then L 	 vt � is a superstring
of L 	 wi � for all 1 $ i $ k.

Proof. By induction on t. When t � 2, any vertex v2 created at step 2 is connected
to vertices of the initial (q � 1)-clique only. Thus the result is true. Now suppose
the result is true for any 2 $ t �F$ t 
 1, t � 3, and let us prove it is then true for t.
For this, we consider a vertex vt created at step t, and the q-clique C it is connected
to. We distinguish two cases:

; vt is a twin: then the result is true by construction of the labels ; indeed,
L 	 vt � is by construction a superstring of L 	 vt  � , t ��) t, where vt  is the out-
ervertex generated from C . Since t �G) t, by induction hypothesis, L 	 vt  � is
a superstring of the labels of all the vertices of C that are not in the initial
(q � 1)-clique.
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; vt is an outervertex: then vt is a neighbor of wp, where wp was created at
step t 
 1 (since vt is not a twin). However, wp was created itself thanks to
a q-clique, say C � , composed of vertices x1 
 x2 ����� xq. W.l.o.g., suppose that
k $ q such vertices, x1 
 x2 ����� xk do not belong to the initial (q � 1)-clique.
By induction hypothesis, L 	 xi �BH L 	 wp � for any 1 $ i $ k. Hence, in C , wp

is the vertex not belonging to the initial (q � 1)-clique that has the longest
label. By construction of L 	 vt � , we have that L 	 wp �IH L 	 vt � , thus we also
conclude that L 	 xi �JH L 	 vt � for any 1 $ i $ k. Thus L 	 vt � is a superstring of
the labels of any vertex of C that does not belong to the initial (q � 1)-clique,
and the result is proved by induction.

*
Property 3 Let vt be a vertex of K 	 q 
 t � created at step t � 2. For any 1 $ i $
q � 1, if i K: L 	 vt � , then vt is a neighbor of a vertex v � of the initial (q � 1)-clique,
such that L 	 v �C� � i � .
Proof. By induction on t. When t � 2, any vertex v2 constructed at step 2 is
assigned label i, where i � is the only vertex of the initial (q � 1)-clique vt is not
connected to ; thus, by construction, the property is satisfied.
Now we suppose that the property is true for any 2 $ t �L$ t 
 1, t � 3, and we will
show it then holds for t as well. As for the previous property, we consider a vertex
vt created at step t, and we distinguish two cases:

; vt is a twin: let vt  be the outervertex generated from the same clique C as vt .
Thus t �L) t. By induction, the property is true for vt  ; since by construction
of the labels, we have L 	 vt  �IH L 	 vt � and L 	 vt � contains exactly the same
digits as L 	 vt  � , we conclude that the property holds for vt as well.

; vt is not a twin (and thus is an outervertex): then vt is connected to a vertex
wt � 1 that was created at step t 
 1. However, wt � 1 was created itself thanks
to a q-clique C � composed of vertices x1 
 x2 ����� xq. Among those q vertices,
only one, say xp, does not belong to C . W.l.o.g., suppose that k $ q such
vertices, x1 
 x2 ����� xk do not belong to the initial (q � 1)-clique. Now suppose
that i K: L 	 vt � ; then i appears as the first digit of one of the L 	 x j � s, 1 $ j $
q 
 1, or of L 	 wt � 1 � (by Property 1). However, L 	 x j �MH L 	 wt � 1 �NH L 	 vt � for
any 1 $ j $ k (by Property 2). Thus, neither wt � 1 nor any vertex among the
x js, 1 $ j $ k contains the digit i in its label. Hence, only a vertex y from
the initial (q � 1)-clique can have i in its label, and thus L 	 y � � i � . Hence
it suffices to show that vt and y are neighbors to prove the property. The
only case for which this would not happen is when y � xp ; we will show
that this is not possible. Indeed, by construction of the labels, the first digit
of L 	 vt � is the only integer not appearing as first digit of the labels of the
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vertices of C , that is wt � 1 
 x1 
 x2 ����� xp � 1xp � 1 ����� xq. However, the fact that
we suppose y � xp means that no vertex of C contains i in its label. Thus
this would mean that the first digit of L 	 vt � is i, a contradiction. Thus, vt is
connected to y with L 	 y � � i � , and the induction is proved.

*
3.2 Routing Protocol

Now we describe the routing protocol between any two vertices u and v of K 	 q 
 t � ,
with labels respectively equal to L 	 u � and L 	 v � . We note that since K 	 q 
 0 � (resp.
K 	 q 
 1 � ) is isomorphic to the complete graph Kq (resp. Kq � 1), we can assume
t � 2. The routing protocol is special here in the sense that the routing is done
both from u and v, until they reach a common vertex. Hence, the routing strategy
will be used simultaneously from u and from v. In order to find a shortest path
between any two vertices u and v, the routing protocol is as follows:

1. Compute the longest common suffix LCS 	 L 	 u �O
 L 	 v ��� of L 	 u � and L 	 v � .
2. If LCS 	 L 	 u �O
 L 	 v ��� � /0:

(a) Simultaneously from u and v (say, from u): let u � u0 and go from ui

to ui � 1, i � 0 where ui � 1 is the neighbor of ui with shortest label.

(b) Stop when uk is a neighbor of the initial (q � 1)-clique.
Let L̄ 	 uk � (resp. L̄ 	 vk  � ) be the integers not present in L 	 uk � (resp.
L 	 vk  � ), and let S � L̄ 	 uk �FP L̄ 	 vk  � .

i. If S K� /0, pick any l : S, and close the path by taking the edge
from uk to l � , and the edge from l � to vk  .

ii. If S � /0, we route from uk to any neighbor l �1 (belonging to the
initial (q � 1)-clique) of uk, and we do similarly from vk  to a
neighbor l �2 (belonging to the initial (q � 1)-clique) of vk  . Then,
we take the edge from l �1 to l �2 and thus we close the path from u
to v.

3. If LCS 	 L 	 u �,
 L 	 v ���QK� /0, then we call least common clique of u and v, or
LCC 	 u 
 v � , the clique indicated by the longest common suffix LCS 	 L 	 u �O
 L 	 v ��� .
We simultaneously route from u and v to (respectively) uk and vk  , going
each time to the neighbor with LCS 	 L 	 u �,
 L 	 v ��� as label suffix, and hav-
ing the shortest label. Similarly as above, we stop at uk (resp. vk  ), where
uk (resp. vk  ) is the first of the uis (resp. of the v js) to be a neighbor of
LCC 	 u 
 v � . Then there are two subcases, depending on S � L̄ 	 uk �LP L̄ 	 vk  � .

(a) If S K� /0, we close the path by going to any vertex w with label l �
LCS 	 L 	 u �,
 L 	 v ��� , l : S.
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(b) If S � /0, then we route from uk (resp. vk  ) to any neighbor w1 (resp.
w2) in LCC 	 u 
 v � , and we close the path by taking the edge 	 w1 
 w2 � ,
which exists since both vertices w1 and w2 belong to the same clique
LCC 	 u 
 v � .

We now give the main ideas for the validity of the above routing protocol. Take
any two vertices u and v. By construction of L 	 u � and L 	 v � , the longest common
suffix LCS 	 L 	 u �O
 L 	 v ��� indicates to which (q � 1)-clique u and v have to go. We
can consider this as a way for u and v to reach their least common ancestor in
the tree of cliques induced by the construction of K 	 q 
 t � , or the “least common
clique”. In case (2) this least common clique is the initial (q � 1)-clique ; thus,
u and v have to get back to it. In case (3), the shortest path does not go through
the initial (q � 1)-clique, and the least common clique of u and v, say LCC 	 u 
 v � ,
is indicated by the longest common suffix LCS 	 L 	 u �,
 L 	 v ��� . In other words, the
length of LCS 	 L 	 u �,
 L 	 v ��� indicates the depth of LCC 	 u 
 v � in the tree of cliques
induced by the construction of K 	 q 
 t � . In that case, the routing is similar as in
Case (2), except that the initial (q � 1)-clique has to be replaced by the clique
LCC 	 u 
 v � . Hence, the idea is to adopt the same kind of routing, considering only
neighbors which also have LCS 	 L 	 u �O
 L 	 v ��� as suffix in their labels.
When this least common ancestor is determined, one can see, still by construction,
that the shortest route to reach this clique (either from u or v) is to go to the
neighbor which has smallest label, since the length of the label indicates at which
step the vertex was created. Besides, the earlier the neighbor w was created, the
smaller the distance from w to the least common clique is.
When we have reached, from u (resp. from v), a vertex uk (resp. vk  ) that is a
neighbor of the least common clique, the last thing we need to know is whether
uk and vk  are neighbors. Thanks to Property 3, we know that looking at L 	 uk � and
L 	 vk  � is sufficient to answer this question. More precisely :

; In case 2(b)-i, uk and vk  share a neighbor in the initial (q � 1)-clique (by
Property 3). All those common neighbors have label l � , where l : S. Hence,
if we pick any l : S, then there exists and edge between uk and l � , as well
as an edge between l � and vk  .

; In case 2(b)-ii, uk and vk  do not share a neighbor in the initial (q � 1)-
clique. Hence, taking a route from uk (resp. vk  ) to any neighbor l �1 (resp. l �2)
belonging to the initial (q � 1)-clique, we can finally take the edge from l �1 to
l �2 (which are neighbors, since they both belong to the initial (q � 1)-clique)
in order to close the path from u to v.

; In case 3(a), uk and vk  share a neighbor in LCC 	 u 
 v � . Hence we can close
the path by going to any vertex w with label l � LCS 	 L 	 u �,
 L 	 v ��� , l : S, since
w is a neighbor of both uk and vk  .
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; In case 3(b), uk and vk  do not share a neighbor in LCC 	 u 
 v � . Hence we
route from uk (resp. vk  ) to any neighbor w1 (resp. w2) in LCC 	 u 
 v � , and
we close the path by taking the edge 	 w1 
 w2 � . 	 w1 
 w2 � exists since both
vertices w1 and w2 belong to the same clique LCC 	 u 
 v � .

Hence we conclude that our labeling of v 	 K 	 q 
 t ��� allows a routing between
any two vertices u and v, and that it is of shortest paths ; besides, this labeling is
optimal in the length of the labels.

4 Discussion

The recursive clique-trees K 	 q 
 t � that we study in this paper are recursively con-
structed graphs which have both small-world and scale-free characteristics. More-
over, it is possible to obtain different clustering parameters and power-law expo-
nents by choosing adequately the value of q. They are actually a deterministic
tunable generalization of the scale-free growing networks introduced in [14] in
which one vertex is created per unit time and connects to both the ends of a ran-
domly chosen edge. These networks were further generalized and called “pseud-
ofractal” graphs in [13], corresponding to the particular case q � 2.

We have also introduced a way to label the vertices, such that (i) the length of
the label is optimal and (ii) a shortest path routing can be derived from the labels
of the vertices. We are now studying the possibility that this labeling, or a slight
variant, could also be used for computing the distance between two vertices, thus
making it an optimal distance labeling.

We finally mention that modifications of our construction, for example by
choosing that in different steps the new vertices added are attached to cliques
of different sizes, would allow a richer structure and even more flexibility in the
control of the clustering and power-law exponent.
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