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Université de Nantes, 2 rue de la Houssinière, 44322 Nantes Cedex 3 - France

fertin@lina.univ-nantes.fr
3 IGM-LabInfo, CNRS UMR 8049, Université Paris-Est,
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Abstract. Given a set of positive integers S, we consider the problem of finding a minimum
cardinality set of positive integers X (called a minimum 2-generating set of S) such that
every element of S is an element of X or is the the sum of two (non-necessarily distinct)
elements of X. We give some elementary properties of 2-generating sets and prove that
finding a minimum cardinality 2-generating set is hard to approximate within ratio 1 + ε
for any ε > 0. We then prove our main result, which consists in a standard representation
lemma for minimum cardinality 2-generating sets.
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1 Introduction

In this paper, we consider the problem of 2-generating a set of positive integers S with a minimum
cardinality set of integers X, where X is said to 2-generate S if every element of S is an element
of X or is the sum of two (non-necessarily distinct) elements of X. We note that, in this context,
X does not have to be a subset of S. We refer to this problem as Minimum 2-Generating Set.

Minimum 2-Generating Set is a simple restriction of Minimum Generating Set (a
natural problem in number theory) [4]. The Minimum Generating Set problem is defined as
follows: Given a set of positive integers S, find a minimum cardinality set of integers X such that
every element of S is the sum of a subset of X. Minimum Generating Set has been shown
to be NP-hard [4], and is related, among other things, to planning radiation therapy: elements
of S represent radiation dosages required at various points, while an element of X represents a
dose delivered simultaneously to multiple points. Other variants, namely the cases in which the
elements of X can be negative or fractional, are considered in [5,14].

Strongly related to our work are minimum sum covers of finite Abelian groups as investigated
in [10,8]. A subset X of a finite Abelian group G is said to be a sum cover of G if {x+x′ : x, x′ ∈
X} = G, a strict sum cover of G if {x + x′ : x, x′ ∈ X ∧ x 6= x′} = G, and a difference cover
of G {x− x′ : x, x′ ∈ X} = G. Swanson [19] gives some constructions and computational results
for maximum difference packings of cyclic groups. Haanpää, Huima, and Österg̊ard compute
maximum sum and strict sum packings of cyclic groups [11]. Fitch and Jamison [8] give minimum
sum and strict sum covers of small cyclic groups, and Wiedemann [20] determines minimum
difference covers for cyclic groups of order at most 133.

Another area of research related to our work (and this was in fact our initial motivation
for addressing the present problem) is the problem of covering a set of strings S with a set
X of substrings in S, where X is said to cover S if every string in S can be written as a
concatenation of the substrings in X [13,2] (see also [15] and [3] for a more general treatment of



the combinatorial rank). Covering a set of strings S with a set X of substrings in S is indeed the
Minimum Generating Set problem for unary alphabet under the unary encoding scheme. To
narrow the context, notice that, given a set of binary strings S, finding a minimum cardinality
set X of substrings in S such that every string in S can be written as a concatenation of at most
two substrings in X is NP-complete (the proof being an easy binary alphabet encoding of the
result of Néraud [15]) Finally, Hajiaghayi et al. [12] considered the Minimum Multicolored
Subgraph problem, which can be seen as a generalization of Minimum 2-Generating Set
when every integer in the input set is bounded by a polynomial in the length of the input.

This paper is organized as follows: we first recall basic definitions in Section 2, and we then
formally introduce the considered problem. In Section 3, we give some elementary properties of
2-generating sets. Section 4 is devoted to prove hardness of Minimum 2-Generating Set and
we prove in Section 5 a standard representation lemma.

2 Preliminaries

We use N∗ to refer to the set of all natural numbers excluding zero, i.e., N∗ = {1, 2, . . .}. Let
S = {s1, s2, . . . , sn} ⊂ N∗. For any k ∈ N∗, we write kS for the set of all integers that can be
expressed as the sum of exactly k non necessarily distinct integers of S i.e., kS = {si1 + si2 +
. . .+ sik

: si1 , si2 , . . . , sik
∈ S}. According to this definition, for any set S, S = 1S. A set X ⊂ N∗

is a k-generating set of S (or k-generates S) if S ⊆
⋃k

i=1 iX. (Notice here that we do not require
the additional constraint

⋃k
i=1 iX ⊆ S.) It is called a minimum k-generating set of S if X is a

k-generating set of S of minimum cardinality. The k-rank of S, denoted rkk(S), is the cardinality
of a minimum k-generating set of S. A set S ⊂ N∗ is k-elementary if rkk(S) = |S|. Let min(S)
and max(S) stand for min{si : si ∈ S} and max{si : si ∈ S}, respectively. The length of S,
denoted len(S), is defined to be len(S) = max(S)−min(S).

Minimum k-Generating Set

• Input : A set S ⊂ N∗.
• Solution : A k-generating set X of S.
• Measure : The cardinality of X.

Our main interest here is in finding minimum 2-generating sets, and hence we shall be concerned
in this paper with Minimum 2-Generating Set only.

Of particular importance, we assume hereafter any reasonable (e.g. binary) encoding of any
instance of Minimum 2-Generating Set so that the input is in O(n logm) space, where n = |S|
and m = max(S).

We assume readers have basic knowledge about graph theory [6] and we shall only recall basic
notations. We write G = (V,E) for a graph with vertex set V and edge set E. For a graph G and
a vertex u ∈ V , we write dG(u) for the degree of u in G. A graph is bipartite if it does not contain
an odd cycle. For a graph G, we write CCG for the set of all connected components of G. If u is
a vertex of G, we denote by CCG(u) the connected component of G u is part of, and, by abuse
of notation, we denote the number of vertices in CCG(u) by |CCG(u)|.

3 Elementary properties

3.1 Generalities

To fix the context, we begin by giving easy bounds for rk2(S).

Lemma 1. For any S ⊂ N∗ of cardinality n,
⌈

1
2 (
√

8n+ 9− 3)
⌉
≤ rk2(S) ≤ n.



Proof. The upper bound is trivial. To prove the lower bound, let X ⊂ N∗ be a 2-generating set
of S, and let k stand for |X|. For one, |X ∪ 2X| ≤

(
k
2

)
+ 2k. For another, |X ∪ 2X| ≥ n since X

2-generates S. Combining the two inequalities yields the claimed lemma. ut

Combinatorial properties of intervals [9] will prove to be a simple but powerful tool for 2-
generating sets. We write [i : i + k] for the set of consecutive integers (i.e., interval) {i, i +
1, . . . , i+k}. For any interval system I, the matching number of I, denoted ν(I), is the maximum
number of pairwise disjoint intervals of I. Let S = {si : 1 ≤ i ≤ n} ⊂ N∗. Define the 2-generating
interval system of S, in symbols I2(S), to be I2(S) = {[dsi/2e : si] : si ∈ S}.

Lemma 2. Let S ⊂ N∗ and X ⊂ N∗ be a 2-generating set of S. Then, for every s ∈ S, |X ∩
[ds/2e : s]| 6= ∅.

Proof. Suppose the lemma is false. Then some s ∈ S is obtained by summing at most 2 integers
of X, each upper-bounded by ds/2e − 1. But 2(ds/2e − 1) < 2((si/2 + 1) − 1) = s which yields
the desired contradiction. ut

Corollary 1. For any S ⊂ N∗, ν(I2(S)) ≤ rk2(S).

It follows from Lemma 1 that if ν(I2(S)) = |S| then S is 2-elementary. The converse is false
as shown by S = {7, 8, 9}. The following application of Corollary 1 will prove useful in the sequel.

Lemma 3. Let A = {ai : 1 ≤ i ≤ n} ⊂ N∗ be such that (i) a1 ≥ 4 and (ii) ai+1 > 4ai − 3,
1 ≤ i ≤ n − 1. Then, the set S = {2ai − 1 : 1 ≤ i ≤ n} ∪ {4ai − 3 : 1 ≤ i ≤ n} ⊂ N∗ is
2-elementary.

Proof. The lemma reduces to proving rk2(S) = |S| = 2n. Let I2(S) be the 2-generating interval
system of S. We observe that all intervals of I2(S) are disjoint except pairs of intervals [ai : 2ai−1]
and [2ai − 1 : 4ai − 3], 1 ≤ i ≤ n. Then it follows that ν(I2(S)) = n, and hence, according to
Corollary 1, rk2(S) ≥ n. We claim that in fact rk2(S) = 2n. Indeed, suppose, aiming at a
contradiction, that n ≤ rk2(S) < 2n, and let X be a minimum cardinality 2-generating set of S.
Then it follows that for some 1 ≤ i ≤ n, X ∩ [ai : 2ai − 1] = X ∩ [2ai − 1 : 4ai − 3] = {2ai − 1}.
Therefore, (4ai − 3) /∈ X, and hence there exist x, y ∈ X such that x + y = 4ai − 3. Observe
that, since 4ai − 3 is odd, we must have x 6= y. Furthermore, it must hold that max{x, y} ≥
d2ai − 3/2e = 2ai − 1. Combining this with X ∩ [2ai − 1 : 4ai − 3] yields max{x, y} = 2ai − 1,
and hence min{x, y} = (4ai − 3) − (2ai − 1) = 2ai − 2. This is the desired contradiction since
(2ai − 2) ∈ [ai : 2ai − 1] and X ∩ [ai : 2ai − 1] = {2ai − 1}. ut

3.2 Integer arithmetic sequences

An integer arithmetic sequence is a sequence of integers such that the difference of any two
successive members of the sequence is a constant.

Lemma 4. Let S ⊂ N∗ be an integer arithmetic sequence of length n. Then rk2(S) = Θ(
√
n).

Proof. Write S = {s0 + ic : 0 ≤ i ≤ n − 1} for some s0 ∈ N∗ and c ∈ N∗. Define X = X1 ∪X2,
where X1 = {s0 + icd

√
ne : 0 ≤ i ≤ d

√
ne − 1}, and X2 = {ic : 1 ≤ i ≤ d

√
ne − 1}. An easy

check shows that S ⊆ X ∪ 2X, and hence X is a 2-generating set of S. Clearly, |X1| = d
√
ne and

|X2| = d
√
ne − 1. Therefore, |X| = 2d

√
ne − 1 ≤ 2(

√
n+ 1)− 1 = 2

√
n+ 1. Combining this with

Lemma 1 yields the claimed result. ut

In case S is an arithmetic sequence of length n = k2, the above lemma reduces to rk2(S) ≤ 2
√
n−1.

We note in passing that this is a strict upper-bound for arithmetic sequences of length n. Indeed,
for S = {1, 2, . . . , 9}, we have 2

√
n− 1 = 5 whereas X = {1, 3, 4, 6} is a 2-generating set of S of

cardinality 4.



We finally observe that Lemma 4 could be an issue for dealing with dense sets. Define a set
S ⊂ N∗ to be ε-dense if |S| = ε len(S) for some ε > 0. The following result is an immediate
consequence of Lemma 4 (the easy proof can be turned into an approximation algorithm with
performance ratio O(

√
ε) for ε-dense sets).

Corollary 2. Let S ⊂ N∗ be an ε-dense set of cardinality n. Then rk2(S) = O(
√
n/ε).

3.3 Integer geometric sequences

An integer geometric sequence is a sequence of numbers where each term after the first is found
by multiplying the previous one by a fixed integer r ≥ 2 called the common ratio. Results turn
out to be more precise compared to arithmetic sequences.

Lemma 5. Let S ⊂ N∗ be an integer geometric sequence of length n with common ratio r ≥ 2.
Then, (i) rk2(S) = dn/2e if r = 2 and (ii) rk2(S) = n if r > 2.

Proof. A straightforward application of Corollary 1 proves (ii). To prove (i), write S = {si :
1 ≤ i ≤ n} and Sodd = {si : si ∈ S ∧ i ≡ 1 (mod 2)}. For one, X = Sodd is a 2-generating
set of S, and hence rk2(S) ≤ |Sodd| = dn/2e. For another, ν(I2(S)) ≥ |Sodd| since Sodd ⊆ S
and ν(I2(Sodd)) = |Sodd| (the latter point follows from the fact that si+2/2 = 2si > si for
1 ≤ i ≤ n− 2). Combining this with Corollary 1 yields rk2(S) ≥ |Sodd| = dn/2e. ut

3.4 Expansion and contraction

Let S ⊂ N∗. For any c ∈ N∗, we write S × c for the set {si c : si ∈ S} and we refer to S × c as
the c-expansion of S. Similarly, for any c ∈ N∗ common divisor of S, we write S/c for the set
{si/c : si ∈ S} and we refer to S/c as the c-contraction of S.

Lemma 6 (c-expansion). Let S ⊂ N∗ and c ∈ N∗. Then rk2(S × c) ≤ rk2(S).

Proof. It is enough to notice that for any 2-generating set X of S, X × c is a 2-generating set of
S × c. ut

Replacing S by S/c in Lemma 6 yields a formulation well-suited for contraction considerations.

Corollary 3. Let S ⊂ N∗ and c ∈ N∗ be a common divisor of S. Then rk2(S) ≤ rk2(S/c).

Lemma 7 (c-contraction). Let S ⊂ N∗ and c ∈ N∗ be a common divisor of S. Then, rk2(S/c) =
rk2(S) if c is odd and rk2(S) ≤ rk2(S/c) ≤ 2 rk2(S) if c is even.

Proof. According to Corollary 3, it is enough to prove that rk2(S) ≥ rk2(S/c) if c is odd and
rk2(S/c) ≤ 2 rk2(S) if c is even. Let X be a 2-generating set of S. For each 0 ≤ a < c, define

Xa = {xi ∈ X : xi ≡ a (mod c)}

For each 0 ≤ a < c, a ∈ N∗, write X + a (resp. X − a provided that a ≥ min(X)) for the set
{x+ a : x ∈ X} (resp. {x− a : x ∈ X}). Now, for each 0 ≤ a < c, a ∈ N∗, define

X ′a =


Xa − a if 0 ≤ a < c/2,
(Xa − a) ∪ (Xa + a) if a = c/2,
Xa + (c− a) if c/2 < a ≤ c− 1.

Let X ′ = X0∪X ′1∪X ′2∪ . . .∪X ′c−1. Clearly |X ′| = |X| if c is odd and |X ′| ≤ 2 |X| if c is even. We
claim that X ′ is a 2-generating set of S. Indeed, let si be any integer of S. We need to consider



two cases. (i) If si ∈ X0 ∪ 2X0 we are done since X0 ⊆ X ′. (ii) If si /∈ X0 ∪ 2X0 then there exists
xj ∈ Xa and xk ∈ Xc−a, a ≤ c− a, such that si = xj + xk (this follows from si ≡ 0 (mod c)). If
a 6= c−a then si = xj +xk = (xj−a)+(xk +(c−(c−a)), and hence si ∈ 2(X ′a∪X ′c−a). If a = c−a
(thus, c must be even), si can be written si = xj +xk = (xj−a)+(xk +a), and hence si ∈ 2X ′c/2.
Then it follows that X ′/c ⊂ N∗ is a 2-generating set of S/c, and hence rk2(S) ≥ rk2(S/c) if c is
odd and rk2(S/c) ≤ 2 rkc(S) if c is even. ut

To complement Lemma 7, we observe that we may have rk2(S/2c) < 2 rk2(S) for even c as
shown in the following example.

Example 1. For any c ∈ N∗, let S = {14c, 16c, 18c}. Clearly, X = {7c, 9c} is a 2-generating set
of S, and hence rk2(S) = 2. But S/2c = {7, 8, 9} has no smaller 2-generating set than itself, and
hence rk2(S/2c) = card(S/2c) = 3.

The upper-bound rk2(S/c) ≤ 2 rkc(S) in Lemma 7 is, however, not over-estimated, as shown
by the following lemma.

Lemma 8. For any n ∈ N∗, there exists a set S ⊆ N∗ of cardinality n such that

rk2(S/2)
rk2(S)

= 2− 1
n+ 1

.

Proof. Let b > 8 be some fixed even integer. For any n ∈ N∗, let S = {2} ∪ {bi + 2 : 1 ≤ i ≤
n} ∪ {2bi + 2 : 1 ≤ i ≤ n}. Let us decompose our proof into two claims.

Claim 1. rk2(S) = n+ 1.

Proof. For one, X = {1}∪{bi +1 : 1 ≤ i ≤ n} is a 2-generating set of S, and hence rk2(S) ≤ n+1.
For another, for S′ = {2} ∪ {bi + 2 : 1 ≤ i ≤ n ∧ i ≡ 1 (mod 2)} ∪ {2bi + 2 : 1 ≤ i ≤ n ∧ i ≡ 0
(mod 2)} ⊂ S, the 2-generating interval system I2(S′) is composed of pairwise disjoint intervals,
and hence, according to Corollary 1, rk2(S′) = |S′| = n+ 1. Therefore, rk2(S) ≥ rk2(S′) = n+ 1.

ut

Claim 2. rk2(S/2) = 2n+ 1.

Proof. The upper-bound rk2(S/2) ≤ 2n + 1 trivially follows from |S/2| = |{1} ∪ {bi/2 + 1 : 1 ≤
i ≤ n} ∪ {bi + 1 : 1 ≤ i ≤ n}| = 2n + 1. To prove rk2(S/2) ≥ 2n + 1, apply Lemma 3 with
ai = bi/4 + 1, 1 ≤ i ≤ n, to the subset (S/2) \ {2} = {bi/2 + 1 : 1 ≤ i ≤ n} ∪ {bi + 1 : 1 ≤ i ≤ n},
and conclude by observing that rk2(S/2) = 1 + rk2((S/2) \ {2}) as soon as b > 8. ut

Combining the above two claims yields the lemma. ut

4 Hardness

Minimum Generating Set (i.e. given a set a positive integers S, find a minimum cardinality
set of integers X such that every element of S is the sum of a subset of X) was proved to be
NP-complete in [4]. We complement this result by showing that Minimum 2-Generating Set
is APX-hard, i.e., hard to approximate within ratio 1 + ε for any ε > 0.

Proposition 1. Minimum 2-Generating Set is APX-hard.

Proof. We propose an L-reduction [17] from Vertex Cover for cubic graphs: Given a cubic
graph G = (V,E), find a minimum cardinality vertex cover of G, i.e., a subset V ′ ⊆ V such that,
for each edge {u, v} ∈ E, at least one of u and v belongs to V ′. Minimum Vertex Cover for
cubic graphs is APX-complete [1,18].



Assume, without loss of generality, that V = {1, 2, . . . , n}. Define the corresponding instance
of Minimum k-Generating Set by defining S ⊂ N∗ to be S = {b0} ∪ {bi : 1 ≤ i ≤ n} ∪ {2bi :
1 ≤ i ≤ n} ∪ {b0 + bi : 1 ≤ i ≤ n} ∪ {b0 + bi + bj : {i, j} ∈ E} for some even constant b to be
defined later. We claim that there exists a vertex cover of G of cardinality at most k if and only
if there exists a 2-generating set for S of cardinality at most n+ k + 1.

Suppose that there exists a vertex cover V ′ ⊆ V of cardinality k of G. Define X ⊂ N∗ (actually
X ⊂ S) to be X = {b0} ∪ {bi ≤ i ≤ n} ∪ {b0 + bi : i ∈ V ′}. We claim that X is a 2-generating
set for S. Since X ⊂ S and b0 ∈ X, it is enough to prove that, for each {i, j} ∈ E, b0 + bi + bj

is 2-generated by X. Indeed, since V ′ is a vertex cover of G, we have i ∈ V ′ or j ∈ V ′ (possibly
both), and if we let ` = i if i ∈ V ′ and ` = j if i /∈ V ′, we have (b0 +b`) ∈ X. Therefore b0 +bi +bj

is 2-generated by X as (b0 + b`) + b`
′
, where `′ = j if ` = i and `′ = i otherwise.

Conversely, Let X be a 2-generating set of S. We first note that, by integrality, b0 ∈ X.
Consider any integer 1 ≤ i ≤ n, and let Ii be the interval [bi/2 : 2bi]. According to Lemma 2,
|X ∩ [bi/2 : bi]| ≥ 1 and |X ∩ [bi : 2bi]| ≥ 1 since bi ∈ S and 2bi ∈ S. Then it follows that
|X∩Ii| ≥ 1, and bi ∈ X if the inequality holds as equality. We now observe that for b > 4 we have
2bi < bi+1/2, 1 ≤ i < n. Then it follows that the intervals Ii, 1 ≤ i ≤ n, are pairwise disjoint, and
hence |X| ≥ n + 1. Now, let k ∈ N∗ be such that |X| = n + k + 1, and let V ′ ⊆ V be such that
|X ∩ Ii| > 1 for every i ∈ V ′. According to the above, we have |V ′| ≤ k. We now claim that V ′ is
a vertex cover of G. Indeed, assume, aiming at a contradiction, that there exists {i, j} ∈ E such
that |X ∩ Ii| = 1 and |X ∩ Ij | = 1, and, to shorten notation, set si = b0 + bi + bj . Then it follows
that X ∩ Ii = {bi} and X ∩ Ij = {bj}. But si ∈ S, and hence |X ∩ [si/2 : si]| ≥ 1 (Lemma 2).
Furthermore, if we assume i > j, we have bi/2 < si/2 and si < 2bi, and hence [si/2 : si] ⊂ Ii,
i.e., [si/2 : si] is a subinterval of Ii. But X ∩ Ii = {bi}, and hence we must have (b0 + bj) ∈ X.
This is the desired contradiction since (b0 + bj) ∈ Ij and X ∩ Ij = {bj}.

We omit the easy proof that the described reduction is indeed an L-reduction with parameters
α = 8 and β = 1 (crucial is the fact that |V | ≤ 6 |V ′| for any vertex cover V ′ since G is a cubic
graph). ut

It remains open whether Minimum 2-Generating Set is strongly NP-complete, i.e. whether
Minimum 2-Generating Set is NP-complete if every integer in S is bounded by a polynomial
in the length of the input. Indeed, neither Proposition 1 nor the NP-hardness result of [4] rule
out the existence of a pseudo-polynomial algorithm for Minimum 2-Generating Set. Observe
that this question reduces to 2-covering a set of strings S for an unary alphabet with a set X of
substrings in S, where X is said to 2-cover S if every string in S can be written as a concatenation
of at most two substrings in X [13].

Approximation issues of Minimum 2-Generating Set are completely unexplored yet. No-
tice, however, that, as long as every integer in S is not bounded by a polynomial in the length of
the input, none of the approximation results of [12] and [13] applies.

5 Put the blame on rk2(S) only

Let S be any instance of Minimum 2-Generating Set. Write n = |S|, m = max(S) and
k = rk2(S). This section is devoted to finding a minimum cardinality 2-generating set of S (from
an effective computational point of view [7,16]).

As a first attempt, let us consider the brute-force approach: generate all k-subsets X of
{1, 2, . . . ,m} and check for each of them whether it 2-generates S, i.e., S ⊆ X ∪ 2X. Correctness
of this algorithm is of course immediate. There are

(
m
k

)
such subsets and each subset X can be

identified as a 2-generating set of S in O(k2 log k) time (assuming a standard unit-cost RAM
model with logm word size). Therefore, the brute-force algorithm is, as a whole, a O(mkk2 log k)
time procedure. But m (and even logm) can be arbitrarily large compared to n = O(k2) and
this naturally leads us to the problem of trying to confine the seemingly inevitable combinatorial
explosion of computational difficulty to a function of k only [7,16]. We prove here that such an



algorithm does exist for finding a minimum cardinality 2-generating set of S. Surprisingly enough,
the time complexity of the proposed algorithm turns out to be even independent of max(S) (again
assuming a standard unit-cost RAM model with logm word size). The main result of this paper
can be stated as follows.

Lemma 9 (standard representation). Let S = {si : 1 ≤ i ≤ n} ⊂ N∗ and write k for rk2(S).
Then, there exist rationals αi,j ∈ {−1,−2−1, 0, 2−1, 1}, 1 ≤ i ≤ k and 1 ≤ j ≤ n, such that

X =


n∑

j=1

αi,j sj : 1 ≤ i ≤ k


is a minimum cardinality 2-generating set of S.

Before proving Lemma 9, we need a new definition that translates the problem to elementary
graph theory terms. Let S = {s1, s2, . . . , sn} be a set of positive integers and X = {x1, x2, . . . , xk}
be a 2-generating set for S. Define an X-realization of S to be a bipartite graph B = (S,X,E)
such that dB(s) ∈ {1, 2} for all s ∈ S, and

– if dB(s) = 1, say {s, xi} ∈ E, then s = xi or s = 2xi, and
– if dB(s) = 2, say {s, xi} ∈ E and {s, xj} ∈ E, xi 6= xj , then s = xi + xj .

We refer to Figure 1 for an illustration.
Note that, in the above definition of an X-realization, X (resp. S) is considered as a set of

integers, and as a set of vertices in a graph. We chose not to correct this ambiguity in the rest of
the paper, in order to avoid heavy notations. Besides, the context will always be clear about the
fact that we are concerned with integers or vertices.

Coming back to X-realizations, it is clear that every simple cycle of B has length at least 6 (a
simple cycle of length 4, say (x1, s1, x2, s2), would result in the contradiction s1 = x1 + x2 = s2).
An X-realization of S is said to be minimum if X is a minimum cardinality 2-generating set of
S. Of course, an X-realization of a set S may not be unique ; for example, referring to Figure 1,
replacing edge {4, 2} by {4, 1} and {4, 3} results in another X-realization of S.

Structures in a minimum X-realization of a set S will prove extremely useful.

1

3

4

6

7

8

S

1 = 1

3 = 1 + 2

4 = 2 + 2

6 = 1 + 5

7 = 2 + 5

8 = 3 + 5

1

2

3

5

X

Fig. 1. An X-realization of S = {1, 3, 4, 6, 7, 8} for X = {1, 2, 3, 5}.

Lemma 10. Let S ∈ N∗. Then there exists a minimum X-realization B = (S,X,E) of S such
that, for every x ∈ X, dB(x) > 1 if |CCB(x)| > 2.



Proof. Let B(S) be the set of all X-realizations of S for all minimum cardinality 2-generating sets
X of S. For each B = (S,X,E) ∈ B(S), define f(B) = |{x ∈ X : dB(x) = 1 ∧ |CCB(x)| > 2}|.
Then, let Bopt = (S,Xopt, Eopt) ∈ B(S) be such that (i) f(Bopt) ≤ f(B) for all B ∈ B(S), and
(ii) |CCBopt | ≥ |CCB | for any B ∈ B(S) satisfying f(B) = f(Bopt). We claim that f(Bopt) = 0,
thereby proving the lemma. Assume, aiming at a contradiction, that f(Bopt) > 0. Then, there
exists x ∈ Xopt such that dBopt(x) = 1 and |CCBopt(x)| > 2. Let s be the neighbor of x in
Bopt. Since |CCBopt(x)| > 2, dBopt(s) = 2 and let x′ ∈ Xopt be the second neighbor of s, i.e.,
s = x + x′. Clearly, X = (Xopt \ {x}) ∪ {s} is a minimum cardinality 2-generating set of S
as well (notice that we must have s /∈ Xopt by minimality of Xopt). We now observe that an
X-realization B = (S,X,E) of S can be obtained from Bopt by simply deleting the edge {s, x′}.
We now need to consider two cases: (1) If dB(x′) > 1 then f(B) < f(Bopt), and (2) If dB(x′) = 1
then f(B) = f(Bopt) and |CCBopt | < |CCB |. Therefore both cases result in a contradiction,
and hence f(Bopt) = 0. ut

Lemma 11. Let S ∈ N∗ and B = (S,X,E) be a minimum X-realization of S such that B is
connected. If every vertex s ∈ S lies on a cycle, then there exists a simple cycle of B of length
4`+ 2 for some ` ≥ 1.

Proof. Assume, aiming at a contradiction, that every vertex s ∈ S lies on a cycle and that every
simple cycle of B has length 4` for some ` ≥ 1. Thus, by construction, dB(s) = 2 for every
s ∈ S. Define the S-contraction of B to be the graph B′ = (X,E′), where E′ = {{xi, xj} : ∃s ∈
S such that {xi, s} ∈ E and {xj , s} ∈ E}. In other words, B′ is obtained from B by contracting
every path (xi, s, xj) into a single edge {xi, xj}. Clearly, every cycle of B′ has certainly even
length since every cycle of B has length 4` for some ` ≥ 1, and hence B′ is bipartite. Write
X = X1 ∪X2 the associated bipartition. Now, let xmin = min{x ∈ X}, and assume, without loss
of generality, that xmin ∈ X1. Define X ′ = X ′1 ∪X ′2, where X ′1 = {x − xmin : x ∈ X1 \ {xmin}}
and X ′2 = {x+xmin : x ∈ X2}. We claim that X ′ is a 2-generating set of S of cardinality |X| − 1,
and hence get a contradiction of the minimality of X. Indeed, let s be any element of S and let
{xi, s} and {xj , s} be the two associated edges of B, i.e., s = xi + xj . According to the above, xi

and xj belong to different partite sets in B′, say xi ∈ X1 and xj ∈ X2. We need to consider two
cases. If xi 6= xmin and xj 6= xmin, then s = (xi − xmin) + (xj + xmin) with (xi − xmin) ∈ X ′1 and
(xi + xmin) ∈ X ′2. Otherwise, we must have xi = xmin, and hence s = xi + xj = xmin + xj with
(xj + xmin) ∈ X ′2. ut

We are now in position to prove Lemma 9.

Proof (of Lemma 9). Write k = rk2(S). Let X = {xi : 1 ≤ i ≤ k} be a minimum cardinality
2-generating set of S and B = (S,X,E) be any X-realization of S. Let B1, B2, . . . , Bq be the
connected components of B. We consider each connected component of B separately.

Consider thus any connected component Bi = (Si, Xi, Ei) of B with Si ⊆ S and Xi ⊆ X.
Without loss of generality, write Si = {s1, s2, . . . , sni

}. It is enough to show that for any x ∈ Xi,
there exist rationals αj ∈ {−1,−2−1, 0, 2−1, 1}, 1 ≤ j ≤ ni, such that x =

∑
1≤j≤ni

αj sj , i.e., x
is the linear combination with coefficients taken from {−1,−2−1, 0, 2−1, 1} of the vertices in Si.
We need to consider four cases: (1). Bi is a tree, or (2.1). Bi is not a tree and x lies on a simple
cycle of length 4`+ 2 for some ` ≥ 1, or (2.2). Bi is not a tree, x does not lie on a simple cycle,
and there exists a simple cycle of length 4` + 2 for some ` ≥ 1 in Bi, or (2.3). Bi is not a tree,
and every simple cycle C of Bi has length 4`C for some `C ≥ 1 (regardless of whether or not x
lies on any cycle).

(1). Bi is a tree. According to Lemma 10, we may assume that there exists a vertex of Si, say
s1, such that dBi

(s1) = 1, i.e., s1 is a leaf in Bi. Let P be the path from vertex s1 to vertex
x (such a path exists since Bi is connected and is unique since Bi is acyclic). Without loss of



generality, write P = (s1, x1, s2, x2, . . . , xk−1, sk, x). Then it follows that
s1 = δx1

s2 = x1 + x2

...
sk = xk−1 + x

for some δ ∈ {1, 2}, and hence

x =
(−1)k

δ
s1 +

k∑
i=2

(−1)k−isi. (1)

Therefore there exist rationals αi ∈ {−1,−2−1, 2−1, 1},1 ≤ i ≤ k, such that

x =
k∑

i=1

αisi,

i.e, x is the linear combination with coefficients taken from {−1,−2−1, 2−1, 1} of those vertices
si that lie on the - unique - path from s1 to x.

(2). Bi is not a tree. In that case, notice that since graph Bi is bipartite, any cycle that starts
at a vertex in Si must alternate between vertices in Si and Xi, and hence must be of even length
(on return to the start vertex again). We now need to distinguish three subcases.

– (2.1). Vertex x lies on a cycle C of length 4` + 2 for some ` ≥ 1. Without loss of
generality, write C = (s1, x1, s2, x2, . . . , sk, x) a cycle of length k = 4`+ 2 for some ` ≥ 1 that
contains our target vertex x. Then it follows that

s1 = x1 + x
s2 = x1 + x2

...
sk = xk−1 + x

and hence

2x =
k∑

i=1

(−1)i+1si (2)

since C has length 4`+ 2 for some ` ≥ 1 Therefore there exist rationals αi ∈ {−2−1, 2−1},1 ≤
i ≤ k, such that

x =
k∑

i=1

αisi,

i.e, x is the linear combination with coefficients taken from {−2−1, 2−1} of those vertices si

that lie on a cycle vertex x is part of.

– (2.2). Vertex x does not lie on a simple cycle, and there exists a simple cycle of
length 4`+ 2 for some ` ≥ 1 in Bi. Observe first that, since every vertex of S has degree
at most 2 in Bi, every path yielding our target vertex x to any cycle C of Bi enters C at a
vertex of Xi. Consider a shortest path yielding vertex x to a cycle C of length 4`+ 2 for some
` ≥ 1, say P = (x, s1, x1, . . . , xk−1, sk, xk) and C = (xk, sk+1, xk+1, . . . , xk+p−1, sk+p), with



x s1 x1 sk xk

path P

x = xk +
Pk

i=1(−1)i+1si

s1 = x + x1 sk = xk−1 + xk

sk+1

xk+1

sk+p

cycle C

sk+1 = xk+1 + xk

sk+p = xk+p−1 + xk

xk =
Pp

i=1 2−1(−1)i+1sk+i

Fig. 2. Connected component Bi is not acyclic and vertex x does not lie on any cycle.

p = 2`+ 1 ; see Figure 2 for an illustration. Clearly, since vertex x does not lie on a cycle and
P is a shortest path, all vertices of P but vertex xk do not lie on cycle C. For one, we have

s1 = x1 + x
s2 = x1 + x2

...
sk = xk−1 + xk

and hence

x = xk +
k∑

i=1

(−1)i+1si. (3)

For another, according to case 2.1. above, we have

xk =
p∑

i=1

2−1(−1)i+1sk+i. (4)

Combining (3) and (4) yields

x =
p∑

i=1

2−1(−1)i+1sk+i +
k∑

i=1

(−1)i+1si.

Then it follows that there exist rationals αi ∈ {−1,−2−1, 0, 2−1, 1},1 ≤ i ≤ n, such that

x =
n∑

i=1

αisi.

More precisely, x is the linear combination with coefficients taken from {−1,−2−1, 2−1, 1} of
those vertices si that lie on a shortest path yielding vertex x to a cycle C or lie on the cycle
C.

– (2.3). Every simple cycle C of Bi has length 4`C for some `C ≥ 1 (regardless of
whether or not x lies on any cycle).
According to Lemma 11, not all vertices s ∈ Si have degree 2. Let sk ∈ Si be any vertex such
that dB(sk) = 1 and let P = (x, s1, x1, . . . , xk−1, sk) be any simple path from x to sk. Again,



we have 
s1 = x1 + x
s2 = x1 + x2

...
sk = δxk−1

for some δ ∈ {1, 2}, and hence

x =
(−1)k+1

δ
sk +

k−1∑
i=1

(−1)i+1si.

Then it follows that there exist rationals αi ∈ {−1,−2−1, 0, 2−1, 1},1 ≤ i ≤ n, such that

x =
n∑

i=1

αisi.

More precisely, x is the linear combination with coefficients taken from {−1,−2−1, 2−1, 1} of
those vertices si that lie on a path yielding vertex x to a vertex sk of degree 1.

ut

Thanks to Lemma 9, we prove that there exists an algorithm for Minimum 2-Generating
Set that confines the combinatorial explosion of computational difficulty to a function of k =
rk2(S) only.

Proposition 2. Assuming a standard unit-cost RAM model with logm word size (m = max(S)),
there exists an algorithm for finding a minimum cardinality 2-generating set of S that runs in

O(5
kk(k+3)k

2k k2 log k) time, where k = rk2(S).

Proof. We propose a brute-force algorithm for finding a (standard representation of a) minimum
cardinality 2-generating set of S. The basic idea is to consider the set C(S) of all linear com-
binations α1s1 + α2s2 + . . . + αnsn with coefficients taken from {−1,−2−1, 0, 2−1, 1}. Clearly,
there exist 5n such combinations. The algorithm simply tries each k-subset X of C(S) and checks
whether S ⊆ X ∪ 2X. Correctness of the algorithm follows from Lemma 9. We now turn to prov-
ing its time complexity. Let N be the number of k-subsets of C(S). Clearly, N =

(
5n

k

)
= O(5nk

).

But n ≤ k(k+3)
2 , and hence N = O(5

kk(k+3)k

2k ). Since a k-subset X of C(S) can be identified as a
2-generating set of S in O(k2 log k) time (assuming a standard unit-cost RAM model with logm

word size), the total running time is O(Nk2 log k) = O(5
kk(k+3)k

2k k2 log k). ut

6 Conclusion

Minimum 2-Generating Set is a natural restriction of Minimum Generating Set with
prospective applications (see [4]). Our standard representation (Lemma 9) provides a first positive
algorithmic result for computing minimum 2-generating sets. We mention here some directions
of interest for future works:

– Is Minimum 2-Generating Set pseudo-polynomial time solvable ? Notice that this question
is related to 2-covering a set of strings S for a unary alphabet with a set X of substrings in
S, where X is said to 2-cover S if every string in S can be written as a concatenation of at
most two substrings in X [13].



– For any k > 1, a set of integers S is said to be k-simplifiable if rkk(S) < |S| [15]. Is there
a polynomial-time algorithm for deciding whether S is 2-simplifiable ? A important related
problem is the following: Given a set of integers S and a 2-generating set X of S of cardinality
p, design an efficient algorithm that either returns a 2-generating set of S of cardinality p− 1
or returns that no such 2-generating set of S exists.

– Considering the general Minimum k-Generating Set problem, is there an analog of Lemma 9
for every fixed k ≥ 2 ?
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