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ABSTRACT

Grammatical inference deals with learning grammars or automata from different textual informations.
A general paradigm allowing us to describe the convergence of the process is that of identification in
the limit. When trying to combine this paradigm with complexity issues, problems arise. We revisit
identification in the limit from a (slightly) categorial perspective, and formalise a reduction technique
between problems that allows to refine previous results.
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1. Introduction

Grammatical inference is concerned with learning language formalisms from some sort of in-
formation which can be text, examples and counter-examples, or anything really that should
provide us insight about the language being sought. Surveys of the field are those by Sakakibara
[Sak97] or de la Higuera [dlH05]. A presentation of the field for theoreticians can be found in
[FdlH04]. If the problem can be stated in such an informal way and there are many papers
presenting heuristics and ideas allowing to extract some grammar or automaton from all types
of information, theoretical properties of convergence of the algorithms are usually desired. This
requires then not just to find some grammar but the grammar, inducing that the problem is
about searching for a hidden grammar, i.e. one defined a priori. Obviously, in practice such a
hidden grammar may not exist, but the assumption is needed to study the convergence of the
algorithms, and experiments (for instance [LPP98]) show that theoretically founded algorithms
work better.

There have been two main lines of direction to study convergence in a formal manner:

• Gold’s model of learning called identification in the limit, with two main variants: learning
from text and learning from an informant [Gol67, Gol78]. From these pioneer works alter-
native models have been proposed adding complexity constraints [dlH97] or probabilistic
issues [CO94b].

• The PAC model (Probably Approximatively Correct) introduced by Valiant [Val84] but that
in the context of language learning did not allow hardly any positive results. The model
has been adapted by taking into account only certain types of distributions and simple
PAC learning has been considered with more success [DG97, Den01].
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We will concentrate here on the former model and follow lines close to complexity theory
where reductions can be found allowing to reduce one problem to another. By doing this we
follow the work by Pitt and Warmuth [PW88]. The question of polynomial learning is also
of interest. A first discussion has taken place in [Pit89], with discussions and further ideas in
[dlH97] and [Yok03]. Original ideas concerning these questions (with a notion of stochastically
polynomial) can be found in [Zeu03].

In most works concerned with identification in the limit, definitions are irksome and compar-
isons are hard due to a general lack of common notions and notations. We attempt in this paper
to propose a general and (we hope) elegant definition and use this definition to derive reduction
results with a categorical flavour.

The paper is organised as follows: in section 2 we discuss identification in the limit which
we revisit in some way. We provide in section 3 a theorem which we are able to use in order
to relate learning in one formalism with learning in another. This leads to our central theorem
2. Section 4 is about some results deriving from our general theorem. Section 5 is about some
open problems and a conclusion.

2. Definitions

2.1. Languages and grammars

An alphabet Σ is a finite nonempty set of symbols called letters. A string w over Σ is a finite
sequence w = a1a2 . . . an of letters. Let |w| denote the length of w. In the following, letters will
be indicated by a, b, c, . . ., strings by u, v, . . . , z, and the empty string by λ. Let Σ∗ be the set
of all finite strings over alphabet Σ. We denote by Σ∞ the set of all infinite strings defined as
total functions N→ Σ.

Let A be a class of languages.

Let R(A) be a class of representations of languages from A.
Call LA : R(A)→ A the function that with any representation returns (in a non computable

way) the corresponding language. This function is surjective: every language can be represented.
But it does not have to be injective. Indeed the problem “given G1 and G2 LA(G1) = LA(G2)?”
is the classical equivalence problem whose importance is known when dealing with the compu-
tational aspects of learning [dlH97].

We suppose on the other hand that the following word problem to be decidable: given w ∈ Σ∗

and G ∈ R(A), w ∈ LA(G)?.
In the above we can think of classes of languages as being the regular languages or the context-

free languages, and classes of representations, in turn, as being those of context-free grammars,
deterministic finite state automata or regular expressions.

2.2. Identification in the limit

Definition 1 Let A be a class of languages. A presentation is an element of Pres(A) which is
a set of functions N → X where X is a set. In some way these presentations denote languages
from A, i.e. there exists a function yield : Pres(A)→ A. If L = yield(f) then we will say that
f is a presentation of L.

With this definition one should not think of presentations as text or informant, but in a broader
sense as a sequence of informations of any type that hopefully inform us on the language we are
to learn.

Typical presentations could be Text, Informant, Prefixes,... Here are some examples of possible
presentations:

• Text={f : N→ Σ∗ ∪ {#} : f(N) = L or {#} where L ⊂ Σ∗}.
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• Ordered Text={f : N → Σ∗ ∪ {#} : f(N) = L and (i < j =⇒ f(i) < f(j)) or {#} where
L ⊂ Σ∗}.

• Informant={f : N→ Σ∗ × {0, 1} : f(N) = L× {1} ∪ L× {0}}.

• Prefixes={f : N→ Σ∗ × {0, 1} : f(N) = Pref(L)× {1} ∪ Pref(L)× {0}} where L ⊂ Σ∞.

Definition 2 Let A be a class of languages and Pres(A) be a type of presentations for A, with
associated function yield. The setting is said to be valid when given 2 presentations f and g, if
their range is equal (i.e. if f(N)= g(N)) then yield(f) = yield(g).

If a setting is not valid, A is not going to be learnable from Pres(A).
Given a presentation f we denote by fn the set {f(j) : j ≤ n}. Given a presentation

f we denote by f(n) � G (conversely f(n) 2 G) when f(n) is consistent with LA(G). A
learning algorithm a is a program that takes the first n elements of a presentation and returns
a representation as output. a :

⋃

i∈N
{fi} → R(A). The following definition is directly adapted

from [Gol67]:

Definition 3 We say that A is learnable from Pres(A) in terms of R(A) iff there exists a
learning algorithm a such that for all L ∈ A and for any presentation f of L (belonging to
Pres(A)), there exists a rank n such that for all m ≥ n, LA(a(fm)) = L.

From this definition can be derived the well-known facts :

Theorem 1 [Gold, 1967]
Any class of recursive languages is learnable from an informant.
No super-finite class of languages is learnable from text. A super-finite class is a class that
contains all finite languages and at least one infinte one.

2.3. Complexity aspects

These issues have been studied in various places including [Pit89, dlH97]. Nevertheless there is
no general agreement between the authors in the field about which definitions should be used,
neither (with the exception of [PH00]) have definitions been compared.

We first need to define the sizes of the objects we are manipulating.

• |G| is the size of a grammar (number of bits);

• |fn| is the number of items in the first n+1 elements of a presentation (n+1);

• ‖fn‖ is the number of symbols in in the first n+1 elements of a presentation (number of
bits).

• |L| = min{‖G‖ : L(G) = L} The “size” of a language is the size of the smallest grammar
of the considered class that can generate it;

The following are then correct definitions of (some type of) polynomial identification in the
limit:

The first definition is by far too optimistic and can only work on very limited classes of
languages with extremely precise presentations. It implies that all the necessary information is
given early which is a strong constraint.

Definition 4 (Overall polynomial time) If there exists a polynomial p() such that ∀G ∈
R(A),∀n ≥ p(|G|),∀f ∈ Pres(L), LA(a(fn) = L.

The next definition just states that to produce its next hypothesis the algorithm only requires
polynomial time. This definition alone is insufficient as shown in [Pit89].
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Definition 5 (Polynomial update time) An algorithm a is said to have polynomial update
time if there is a polynomial p() such that, for every presentation f and every integer n, con-
structing Hn = a(fn) requires p(‖fn‖) time.

Another definition that has allow

Definition 6 (Polynomial characteristic set) An algorithm a admits a polynomial charac-
teristic set if there exists a polynomial p() such that ∀G ∈ R(A)∃W ⊂ X : ‖W‖ ≤ p(|G|)∧W ⊂
fn =⇒ LA(a(fn)) = LA(G).

A notion that has been used in various papers was introduced in [Pit89]:

Definition 7 (Implicit prediction errors) Given a learning algorithm a and a presentation
f , we say that a makes an implicit prediction error at time n if f(n) 2 a(fn−1).

Let f be a presentation for L, algorithm a is said to make a polynomial number of implicit
prediction errors if there is a polynomial p() such that, for each language L and each presentation
f for L, |{k ∈ N : f(k + 1) 2 a(fk)}| ≤ p(|L|).

A nice alternative to counting the number of errors is that of counting the number of changes
of hypothesis one makes. On its own, this is meaningless (why change?), but if combined with
identification in the limit the definition makes sense:

Definition 8 (Polynomial mind changes) Given a learning algorithm a and a presentation
f , we say that a changes its mind at time n if a(fn) 6= a(fn−1).

Let f be a presentation for L, algorithm a is said to make a polynomial number of mind
changes if there is a polynomial p() such that, for each language L and each presentation f for
L, |{k ∈ N : a(fk) 6= a(fk+1)}| ≤ p(|L|).

Combining ideas, one gets:

Definition 9 (Yokomori [Yok03]) An algorithm a identifies a class A in the limit in Yoko-
mori polynomial time if:

• a identifies A in the limit;

• a has polynomial update time;

• a makes a polynomial number of implicit prediction errors.

Note that the first condition is not implied by the two other; in a similar way Pitt introduced a
definition that could be formalized as follows:

Definition 10 (Pitt [Pit89]) An algorithm a identifies a class A in the limit in Pitt polyno-
mial time if:

• a identifies A in the limit;

• a has polynomial update time;

• a makes a polynomial number of mind changes.

Here also, please note that the first condition is not implied by the two other.

3. Commuting diagrams

A learning/identifying situation can be understood by stating the class of languages under study,
the representations one is interested in and the sort of presentations one admits.

In this section we aim at studying how situations relate to each other.
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3.1. Definitions

3.1.1. Languages and grammars

Let A and B be 2 classes of languages represented by grammars from (respectively) R(A) and
R(B).

We denote by LA (respectively LB) the surjective mapping R(A) → A (respectively LB :
R(B)→ B).

Given a surjective mapping φ : A → B, we denote by ψ a (surjective) mapping R(A)→ R(B)
for which the diagram commutes.

R(A)
ψ

−−−−→ R(B)

LA





y





y

LB

A
φ

−−−−→ B

(3.1)

Hence:

φ ◦ LA = LB ◦ ψ (3.2)

3.1.2. Languages and presentations

We now concentrate on presentations.

A
φ

−−−−→ B

yield

x





x





yield

Pres(A)
ξ

−−−−→ Pres(B)

(3.3)

Again we need the second diagram to commute. Given a surjective mapping φ : A → B, we
denote by ξ a (surjective) mapping Pres(A) → Pres(B) for which the diagram commutes. So
we have:

φ ◦ yield = yield ◦ ξ (3.4)

As a presentation may not be a computable function, describing the computation aspects of
function ξ is as follows:

Definition 11 A reduction between presentations ξ : Pres(A) → Pres(B) such that ξ(f) = g

is computable if there exists a computable function ξ : X → 2Y such that
⋃

i∈N
ξ(f(i)) = g(N).

Note that ∀i ∈ N, ξ(f(i) is a finite set. ξ is the description at each point of function ξ.

Definition 12 A reduction between presentations ξ : Pres(A) → Pres(B) such that ξ(f) = g

is polynomial if there exists a polynomial function ξ : X → 2Y such that
⋃

i∈N
ξ(f(i)) = g(N).

So combining both diagrams we have:

R(A)
ψ

−−−−→ R(B)

LA





y





y

LB

A
φ

−−−−→ B

yield

x





x





yield

Pres(A)
ξ,ξ
−−−−→ Pres(B)

(3.5)
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3.2. The theorem

Theorem 2 If B is learnable in terms of R(B) from Pres(B), and there exists a computable
function χ : R(B) → R(A) such that ψ ◦ χ =Id, and ξ is a computable reduction, then A is
learnable in terms of R(A) from Pres(A).

It will therefore be more useful to represent the situation as follows:

R(A)
χ

←−−−− R(B)

LA





y





y

LB

A
φ

−−−−→ B

yield

x





x





yield

Pres(A)
ξ,ξ
−−−−→ Pres(B)

(3.6)

Proof. Let b be a learning algorithm that identifies B. Consider algorithm a below, that takes
a presentation f by its n first items (fn) and then executes:
gm ←− ξ(fn);GB ←− b(gm); GA ←− χ(GB); return GA;
As ξ is computable set, Tn can be constructed.
Also if ξ and χ are polynomial, then b is polynomial if a is. This remark needs to be analysed

in a stricter way and will depend on the definition of polynomiality one is using. 2

4. Using the theorem to derive results

4.1. From text to informant

Our first example is very simple.

R(A)
Id

←−−−− R(A)

LA





y





y

LA

A
Id

−−−−→ A

yield

x





x





yield

Informant
ξ,ξ
−−−−→ Text

(4.7)

ξ : Σ∗ → 2Σ∗

, ξ((w, 0)) = ∅, and ξ((w, 1)) = {w}. Hence any class learnable from text is also
learnable from an informant.

4.1.1. About sure languages

In [dlHJ04] de la Higuera and Janodet proved that sure languages were learnable from prefixes.
These languages concern infinite strings and the result can be reached in a much simpler way
through our theorem:

Büchi automata
χ

←−−−− DFA

LA





y





y

LB

Sure languages
φ

−−−−→ REC

yield

x





x





yield

Prefix Informant
ξ,ξ
−−−−→ Informant

(4.8)
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ξ is identity, and φ and χ are the natural transformations. Within the scope of this paper
details of the transformations are not given, but these can be easily reconstructed from the
article [dlHJ04].

4.2. Even linear languages

Even linear languages and grammars have been analysed in the context of grammatical inference
in many papers, for instance [Tak88, SG94, Mäk96, KMT97].

Definition 13 (Linear context-free grammars) A context free grammar G = (Σ, V, P, S)
is a linear grammar if P ⊂ V × (Σ∗V Σ∗ ∪ Σ∗).

Definition 14 (Even linear context-free grammars) A context free grammar G = (Σ,
V, P, S) is an even linear grammar if P ⊂ V × (ΣV Σ ∪Σ ∪ λ).

Thus languages like the set of all palindromes, or language {anbn : n ∈ N} are even linear
without being regular.

Even linear grammars
χ

←−−−− DFA

LA





y





y

LB

Even linear languages
Id
−−−−→ REC

yield

x





x





yield

Informant
ξ,ξ
−−−−→ Informant

(4.9)

ξ takes a string a1a2...a2n and returns (a1, a2n)(a2, a2n−1)....(an−1an) (or takes a1a2...a2n+1 and
returns (a1, a2n+1)(a2, a2n)....(an−1an+1)(an,#)).
χ transforms a DFA over alphabet (Σ ∪ {#}) into a deterministic linear grammar over Σ.

4.3. Tree languages

There have been many results over learning from strings that have been adapted to the case
where the data is trees [Sak87, Sak90, KS94, Fer02]. It would seem reasonable to have a general
method to, when given a string algorithm, derive a tree algorithm. We cannot give the method
here, but can propose a setting in which this method should be investigated:

Tree automata
χ

←−−−− DFA

LA





y





y

LB

Tree languages
Id
−−−−→ string languages

yield

x





x





yield

informant
ξ,ξ
−−−−→ informant

(4.10)

5. Conclusions

In this paper we have not presented new grammatical inference results, but there are times
where results are not necessarily what a field needs. Grammatical inference requires a better
understanding of what the different definitions that have appeared over the years are about. We
hope that what is presented in this paper may contribute to go in that direction.

The next steps should consist in revisiting other results in this setting and perhaps answer
some of the important questions for which we do not have an answer yet :
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• Trees: in what case can results on string automata and grammars be derived to the case
of tree grammars and automata?

• polynomial learning: can we compare the definitions and show some implications?

• Noise: learning from noisy data can be presented in this setting: just introduce the notion
of noisy presentations. Does this allow us to derive new results?
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